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Numerical simulation on unsteady flow and heat transfer of alumina–water nanofluids

around a calabash-shaped body was performed in the present study. Improved models of

drag force and Brownian force were introduced. As the reaction time of the particle

perturbation is short, fluctuation in vorticity is more intense than that in temperature,

and many extreme values are found. The streamline is uplifted near the separation point

due to the contribution of the particle inertia, which increases the recirculation zone of

the quasi-steady vortex. Fewer particles enter the vortex near the waist portion from the

separation region, and relatively more particles enter the recirculation region from the

reattachment zone. The local streamline is straightened and flow heat transfer is enhanced.

It is shown that the variation in the Nusselt number is strongly related to the critical points

along the wall.

1. INTRODUCTION

As a new generation of highly efficient heat transfer media, nanofluids, which
are colloidal suspensions containing nanoscale particles, have potential applications
in aerospace and biomedical engineering among other fields. Additives in nanofluids
mainly include metal nanoparticles, nonmetallic nanoparticles, carbon nanotubes,
and nanodroplets. The base liquid is water, alcohol, oil, or other heat transfer fluids
commonly used. When appropriate amounts of metal oxide nanoparticles of high
thermal conductivity are added to the base fluid, the thermal conductivity of the
mixture is increased and the heat transfer performance will be improved. Lee et al.
[1] studied the thermal conductivity characteristics of nanofluids and analyzed the
differences between the experimental data and theoretical models. Wang et al. [2]
reviewed the main potential mechanisms contributing to the thermal conductivity
enhancement of nanofluids reported in previous studies. Based on their experimental
data, it was concluded that the key factor increasing the thermal conductivity is
nanoparticle aggregation. Mahian et al. [3] focused on the applications of nanofluids
in solar energy conversion and analyzed the performance of solar equipment.
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Over the past few years, numerous experiments and numerical simulations
have been performed on nanofluid flow [4–6]. Many researchers have simulated
nanofluid heat transfer inside enclosures of various shapes, including natural
convection in square [7], triangle [8], and U-shaped cavities [9]. For convective
outflows, Zhang et al. [10] simulated the convective heat transfer around a circular
cylinder using the immersed boundary method. Valipour and Ghadi [11] analyzed
the steady nanofluid flow around a cylinder at low Reynolds number. It was
observed that the pressure coefficient along the cylinder wall increased in the region
with adverse pressure gradient while the recirculation length was increased with the
addition of nanoparticles. In the case of unsteady flow around a circular cylinder,
Sarkar et al. [12] conducted a numerical simulation. It was shown that the presence
of nanoparticles played a role in balancing the buoyancy force, which reduced its
impact and stabilized the flow. Etminan-Farooji et al. [13] studied the heat transfer
process around a square cylinder numerically, indicating an optimum volumetric
ratio for enhanced heat transfer performance. However, the flow model they used
in the above simulations was of single phase and thus the interaction between parti-
cles and fluid could not be reflected precisely, especially in the presence of unsteady
vortices.

Various geometries of blunt bodies exist in related practical applications, some
being distinct from the circular or square cylinder. Specifically, metallic high thermal
conductivity inserts and the longitudinally adjustable tubes for heating radiators can
be considered as calabash shaped. In the present investigation, we study the heat
transfer process around the calabash-shaped body developed. Theoretically, the flow
and heat transfer around the blunt body involve both steady vortex pairing and
unsteady vortex shedding, which interacts with the mainstream demonstrating the
complex flow processes. A discrete-phase model is adopted to simulate the nanofluid
flow around the newly shaped body. Improved models of Brownian force and drag
force were used in the numerical computation. The evolution of nanoparticles near
the waist portion and in the near wake is examined in particular. The heat transfer
performance of nanofluids around the body was also analyzed.

NOMENCLATURE

cp specific heat, J=(kg �K)

D diameter of the small major arc, m

dp diameter of nanoparticle, m

k thermal conductivity, W=(m �K)

kB Boltzmann constant

Kn Knudsen number

m mass, kg

Nu local Nusselt number

p pressure, Pa

Pr Prandtl number

Re Reynolds number

St Strouhal number

t time, s

T temperature, K

u,v velocity, m=s

x,y coordinates, m

a thermal diffusivity, m2=s

m dynamic viscosity, kg=(m � s)

n kinematic viscosity, m2=s

q density, kg=m3

/ nanoparticle volume fraction

x vorticity, 1=s

Superscripts
� dimensionless

Subscripts

1 in free stream

f base fluid

p nanoparticle

w at the wall
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2. GOVERNING EQUATIONS

In the present study, a discrete-phase model is used to simulate the nanofluid
flow with particles, computed by the Lagrange method. For the continuous fluid
phase, the flow and heat transfer processes are determined by the conservation laws
of mass, momentum, and energy. The flow of water can be considered to be incom-
pressible, and the governing equations are expressed in vector form as follows [14].

The continuity equation is written as

r � V
!¼ 0: ð1Þ

The momentum equation is given by

qV
!

qt
þ ðV!� rÞV!¼ 1

q
�rpþ mr2 V

!� �
þ Fp
�!

: ð2Þ

The energy equation can be expressed as

qT

qt
þ V
!� rT ¼ 1

ðqcpÞ
r � krTð Þ þ qp: ð3Þ

The source terms Fp
�!

and qp represent the two-way coupling of momentum

and energy, respectively, between the fluid and nanoparticles. These are given by
the following expression [15]:

Fp
�! ¼ 1

q

X
np

mp

dV

d Vp
�!
dt

; qp ¼
1

q

X
np

mp

dV
cpp

dTp

dt
; ð4Þ

where dV is the cell volume, np represents the number of particles within the cell, mp

is the mass, and Tp is the temperature of the nanoparticles.
d Vp
�!
dt and

dTp

dt denote the

rates of change for velocity and temperature of particles, respectively.
The following variables are defined before simulating the process:

x� ¼ x

D
; y� ¼ y

D
; u� ¼ u

U1
; v� ¼ v

U1
;

t� ¼ U1t

D
; p� ¼ p

qU1
2
; q� ¼ q

q1
;T� ¼ T � T1

Tw � T1
;

ð5Þ

Equations (1)–(3) can then be rewritten in dimensionless form as below.
The continuity equation is given by

r � V
!� ¼ 0: ð6Þ
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The momentum equation can be expressed as

qV
!�

qt�
þ ðV!

�
� rÞV!

�
¼ �rp� þ 1

Re
r2 V
!� þ Fp

�!�
: ð7Þ

The energy equation is written as

qT�

qt�
þ V
!� � rT� ¼ 1

Re Pr
r2T� þ qp

�: ð8Þ

where Re ¼ qU1D
m , Pr ¼ n

a, a ¼ k
qcp

, in which nf and af represent the kinematic viscosity

and the thermal diffusion coefficients of the fluid respectively. The physical proper-
ties of alumina–water nanofluids at reference temperature are shown in Table 1 [16].

In the Lagrangian coordinate, the motion of nanoparticles is governed by

d Vp
�!
dt
¼ FD
�!þ FB

�!þ FT
�!þ FL

�!
: ð9Þ

The terms on the right-hand side of the equation represent the drag force, the
Brownian force, the thermophoretic force, and the Saffman’s lift force on the particles.

In previous numerical simulations, the drag force FD
�!

exerted on the particles by the
surrounding fluid was calculated by the Stokes drag equation [17]. Taking into account
the multiparticle interactions and the special feature of a liquid layer absorbed by
nanoparticles in the present study, the drag force is calculated by the improved
expression proposed by Dong et al. [18], in which the viscosity is taken as ml(d) :

FD
�! ¼X

n0
FD0
�!

; ð10Þ

where n0 represents the number of the particles contributing to the reference particle.
The velocity is taken as the velocity difference between the particle and the fluid.

Due to the small size effect, another key force acting on nanoparticles in fluid is
the Brownian force. The improved Brownian force model is adopted and its compo-
nent is calculated by [19]:

FB
�! ¼ ni

ffiffiffiffiffiffi
p�SS

Dt

s
; ð11Þ

where ni is the Gaussian random number with zero mean and unit variance,

S ¼ RS
2kBTb
m�Cc

, in which RS is the improvement coefficient, kB denotes the Boltzmann

constant, b represents the Stokes drag coefficient per unit mass, m� is known as the
effective mass, and Cc is the Cunningham correction factor.

Table 1. Thermophysical properties of fluid and nanoparticles

Base fluid=

nanoparticles Density (kg=m3) Specific heat (J=(kg �K)) Thermal conductivity (W=(m �K))

Water 997.1 4,180 0.613

Al2O3 3,970 765 40
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The thermophoretic force included in the movement equation of particles is
given by [17]:

FT
�! ¼ � 6pdpm2CsðK þ CtKnÞ

qð1þ 3CmKnÞð1þ 2K þ 2CtKnÞ
1

T
rT ; ð12Þ

where the thermally related coefficients Cs¼ 1.17, Ct¼ 2.18, Cm¼ 1.14, and the ratio
of thermal conductivity K¼ k=kp.

Saffman’s lift force due to the contribution of the shear effect is calculated
by [20]:

FL
�! ¼ 2Ksn1=2qdij

qpdpðdlkdklÞ1=4
ðV!� Vp

�!Þ; ð13Þ

where Ks is taken as 2.594 and dij is the deformation tensor.
The unsteady temperature equation for a particle can be expressed as [21]:

dTp

dt
¼ 6kNup

qpcppd2
p

ðT � TpÞ; ð14Þ

where Nup is the Nusselt number for nanoparticles, which is expressed as the Ranz–
Marshall correlation:

Nup ¼ 2þ 0:6Re1=2
p Pr

1=3

; ð15Þ

where the particle Reynolds number Rep ¼
qdp Vp
�!

�V
!��� ���

m .

Due to the unsteady and nonuniform distribution of nanoparticles, the
effective thermal conductivity for local nanofluids changes constantly. To readily
characterize the heat transfer performance of the fluid, the local Nusselt number
can be obtained by

Nu ¼ � qT

qn

� �����
w

; ð16Þ

where n denotes the wall normal direction and the subscript w represents the value at
the wall. According to the local Nusselt number, the average Nusselt number along
the wall is calculated by

Nu ¼ 1

S

Z S

0

NudS; ð17Þ

where S is the arc length along the wall. The time-averaged Nusselt number can be
expressed as

Nu ¼ 1

Tc

Z Tc

0

Nudt; ð18Þ

where Tc is the time period of the flow past the calabash-shaped body.
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3. BOUNDARY CONDITIONS AND NUMERICAL VALIDATION

The present simulation of nanofluids flow and heat transfer is performed based
on a discrete-phase model. In the present study, the characteristic-based split algor-
ithm [22] is used to simulate incompressible viscous flow around a calabash-shaped
body with low Reynolds number. When calculating the momentum and energy equa-
tions, the source terms should be computed representing the coupling between the
fluid and nanoparticles. The impact of nanoparticles on the fluid is reflected by
the modified source terms in the Navier–Stokes equations. The behaviors of discrete
particles are solved by the force and heat transfer balance equations.

Due to two-dimensional (2D) flow characteristics, the governing equations for
the fluid flow are 2D unsteady N–S equations. The distribution of the elements
around the wall is shown in Figure 1, in which the major arc portion of the larger

Figure 1. Elements distributed around the wall.

Figure 2. Comparison of the wall pressure coefficients.
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circle is 1.5 times the diameter of the smaller circle. The computational domain of the
present problem is a rectangle and the distribution of the elements around the cylin-
der is shown in this figure. The height of the region is 10 times the diameter of the
small circle, while the length is 20 times the diameter and the region contains
27,106 triangular elements.

An undisturbed uniform free stream is assigned at the inlet. Alumina nanopar-
ticles enter the domain at the same velocity and temperature. At the outlet boundary,
the nonreflective boundary condition is applied which can eliminate the influence of
the boundary on numerical results. As Kn <0.001 is valid for the problem, no-slip
velocity and isothermal boundary conditions are prescribed at the walls.

For validation of the calculation, different wake flow regimes around a circular
cylinder are selected as the typical bluff body to check the accuracy of the Fortran
code. Figure 2 shows the wall pressure distribution of the steady vortex flow at
Re¼ 40. Comparison of the results to the experimental data of Grove et al. [23]

Table 2. Effect of different numbers of elements and nodes on computation results

Mesh Nodes Elements Nw Nu

M1 11,329 22,046 266 8.026

M2 13,925 27,106 399 8.012

M3 16,374 31,866 539 8.008

Figure 3. The Nusselt number distribution along the wall.
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shows satisfactory agreement. For the unsteady vortex street (Re¼ 100), the
calculated result for St is 0.165, which is consistent with the value of 0.164 given
by Williamson [24]. The average Nusselt number from the present computation is
5.07, the numerical value reported by Mettu is 5.08 [25], and the corresponding value
from experimental investigation is 5.19 [26]. The present result thus shows satisfac-
tory agreement with previous numerical and experimental results.

Unstructured nonuniform mesh is used for discretization, which is finer close
to the wall where steep gradients are found in velocity and temperature fields. A
grid-independence study is carried out using three different nonuniform meshes.
The total numbers of nodes and finite elements used in this study are listed in
Table 2, where Nw is the number of nodes over the wall.

The flow Reynolds number of 120 and the Prandtl number of 6.076 are
prescribed in the computation with the average volume fraction of 0.01. The distri-
bution of Nusselt number calculated is depicted in Figure 3, where Nb is the node
number along the wall which starts at the trailing edge point. As shown in Table 2,
the results for the second mesh are satisfactory, and further addition of mesh has lit-
tle effect on improving the accuracy of simulation. Therefore, different results
obtained in the present investigation are based on the second set of mesh.

4. RESULTS AND DISCUSSION

Figures 4a and 4b illustrate the simultaneous vorticity and temperature distri-
bution, respectively, in the unsteady wake flow. It will be observed that the configur-
ation of the two contours is very similar in the downstream wake, which is consistent
with that in the cylinder wake. There also exists some difference in the near wake,
which is due to the nonuniform distribution of vorticity along the wall and the con-
stant temperature condition. In fact, the 2D vorticity equation for incompressible

flow is qx
qt þ u qx

qx þ v qx
qy ¼ nðq2x

qx2 þ q2x
qy2Þ, where n is the kinematic viscosity. It will be

Figure 4. Contours in the downstream wake. (a) Vorticity and (b) temperature.
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observed that only the diffusion coefficient is different from that in the energy equa-
tion, so the shape of the two contours is similar. Near the wall, one major difference
lies in the fact that the fluctuation in vorticity is more intense than in temperature, as
shown in Figures 5a and 5b, which is mainly due to the fact that the reaction time of
the fluid temperature to particle perturbation is longer. Another difference lies in the
fact that there be many extreme values in vorticity contour at the center of the closed
curve, which is due to the relative motion between the particles and the surrounding
fluid.

Figures 6 and 7 show the results simulated separately by single- and two-phase
flow models at the same Reynolds number with the corresponding particle volume
fractions of 0.2 and 2%. By comparing the computed temperature contours, it can
be seen that when the concentration of the particles and the Reynolds number are
both very low, the impact of particles on the flow and heat transfer is not significant.
For larger numbers of particles, the contour close to the shoulder of the two major
arcs has a similar geometry. The sharp increase in the temperature boundary layer is
caused mainly by the inertia of particles, and the temperature contours a short

Figure 5. Contours near the wall. (a) Temperature and (b) vorticity.

Figure 6. Temperature distribution near the wall. (a) Single-phase flow model and (b) discrete-phase

model.
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distance away from the wall exhibit significant waviness, which originates from the
impact of particle movement on heat transfer.

The distribution of the vorticity contours near the wall is depicted in Figure 8.
As shown by the streamline, two approximately symmetric vortices are found in the
waist portion and alternately unsteady vortex shedding in the near wake, which is
similar to the flow around a cylinder. Along the wall surface, the locations with zero
vorticity indicate the points of flow separation and reattachment corresponding to
the semi-saddle points in the streamline. The direction of the tangential velocity

Figure 7. Temperature distribution around the wall. (a) Single-phase flow model and (b) discrete-phase

model.

Figure 8. Vorticity and streamline distribution near the wall.
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changes in the vicinity of the region. The center of the streamline is different from the
position with extreme value in the vorticity. This is due to the fact that the vorticity
originates from the boundary and has a greater impact on the vortices near the body.

As shown in Figure 9, when there are no particles in the fluid, the separation point
moves forward and the reattachment point moves backward with increased Reynolds
number. The vortex in the waist portion becomes larger as the adverse pressure
gradient increases, which is similar to the steady wake vortex around the cylinder.
The vorticity contour is also depicted in the figure as the background. The zero vorticity
line passes through the vortex, and the central line through the center of the vortex can
be defined as the vorticity line along which the velocity component equals zero. The
angle between the center line and the wall boundary is about two-thirds of that between
the separation line and the boundary in the vicinity of the separation point.

Figure 10 shows the temperature distribution and the streamline near the mid-
dle portion around the wall at Re¼ 250. An improved Brown force model is used in
the simulation, the particle distribution is more nonuniform than that simulated by
the classical model, and the unsteady feature is more obvious. A new drag force
model is also adopted in the computation, and the frequency variation in the particle
motion is more complex. Particles can be considered as becoming larger in a certain
aspect so that the impact of the changes in flow field on particle motion increases
compared with the Stokes drag model. Thus, the result simulated here is closer to
the actual particle movement in fluid. Comparing the simulation results without
nanoparticles, it can be seen that, due to the inertia effect of particles, the streamline
is uplifted near the separation point and the separation angle becomes larger, which
increases the recirculation zone. The temperature contours deviate with a decrease in
the corresponding local Nusselt number, and the inflection point appears in the
distribution curve representing small-amplitude fluctuations.

As shown in Figure 11, the initial stage of the particles entering the separated
vortex is analyzed. Fluid flow drives the motion of nanoparticles around the

Figure 9. Vorticity distribution and streamline near the waist portion of the calabash-shaped body.

(a) Re¼ 150 and (b) Re¼ 250.
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calabash-shaped body, while the separation movement of particles will in turn affect
the development of the vortex. With the development of the nanofluid flow, when the
particles pass through the separation point, as shown in Figure 11a, the vortex is
gradually increased. As the external particles reach x� ¼ 5.5, the separation vortex
changes from wide to thin, and the reattachment point shifts toward the downstream
direction. After that, few particles move into the separation zone, and the fluid slows
down in part of the vortex, which is illustrated in Figure 11b. The streamline
becomes asymmetric with sparse distribution at the front, which is due to the parti-
cles entering the vicinity of the separation point. As depicted in Figure 11c, more
particles entering the vortex slow the flow development in the recirculation region.
As shown in Figure 11d, the particles in the separation zone affect the two vortices
while those near the outer boundary of the region influence the shape and size of the
vortex. The streamline is straighter at the intermediate portion, which will improve
the local heat transfer performance of the flow, while the asymmetric features within
the vortex are more obvious. Overall, quasi-steady vortex separation undergoes four
main stages: it becomes larger, fatter, thinner, and more asymmetric.

If we examine the recirculation zone, at the beginning of the flow no particles
appear in the relatively steady vortex. As shown in Figure 12, it can be seen that in
the vicinity of the separation point, some particles move in a direction contrary to
the movement of the fluid, which is primarily due to the Brownian diffusion effect
of particles. Fewer particles move into Region A from the front portion, relatively
more particles enter Region B from the reattachment zone, and then they will mix
together and move with the swirling vortex.

As shown in Figure 13, the distribution of nanoparticles changes constantly
near the trailing edge, which can be generally divided into four stages. Initially

Figure 10. Streamline and temperature distribution near the waist portion of the body. (a) Without

nanoparticles and (b) with nanoparticles.
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particles move in the same direction with the main flow, then the particles in the
upper and lower portions interact with the central shedding vortex in the wake
and some move back to the trailing edge, which is shown in Figure 13a. Particles
migrate to the near wake following the evolution of the upper vortices and appear
mainly in the upper portion, while the number of particles moving along the wall
is gradually increased, as depicted in Figure 13b. Figure 13c shows that as the

Figure 11. Evolution of particle motion around the separated vortex.
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Figure 12. Origin of particles within the quasi-steady separated vortex.

Figure 13. Evolution of particle motion in the near wake.
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particles move backward, they collide with the rear of the body and begin to appear
in the lower portion of the near wake. When the particles interact fully with the wake
around the wall, they virtually cover the trailing edge except near the separation
point, as shown in Figure 13d. Particles in the unsteady separation zone and the side
wake flow start to mix together. The corresponding temperature contours can also be
seen in the above figures. Between the first and second stage of the process, the cor-
responding temperature gradient increases close to the wall, while during the tran-
sition from the second to the third stage the gradient decreases slightly near the
separation point, resulting from the particles entering the flow velocity more slowly.
The enhanced temperature gradient at the trailing edge is primarily due to the
increase number of nanoparticles in the final stage.

Figure 14 shows the simultaneous distribution of Nu along the wall for pure
water and alumina–water nanofluids. An extreme value of Nusselt number is found
in the vicinity of the unsteady rear stagnation point. This decreases gradually along
the wall boundary to a minimum value close to the separation point on the larger
part of the body. It increases again along the wall up to the reattachment point, then
again decreases to a minimum value close to the separation point on the smaller part
and increases to its maximum value in the vicinity of the front stagnation point.
It can be seen that with increase in particle volume fraction, Nusselt number is
increased on the whole as the thermal boundary layer is decreased and the heat
transfer performance of flow is improved at higher Reynolds number. For particle
volume fraction 4%, as shown in Figure 15, with the development of the flow at
Re¼ 150, some particles move into the recirculation zone. This influences the heat
transfer process near the wall and results in a local change in Nusselt number corre-
sponding to an inflection point about Nb¼ 100.

Figure 16 shows that for a small volume fraction of u< 4%, the time-averaged
value of Nusselt number increases almost linearly with the volume fraction of nanopar-
ticles. It can be demonstrated that the heat transfer rate is enhanced for nanofluid around
this blunt body by the marked increase in both local and average Nusselt number.

Figure 14. Variation in the Nusselt number along the wall. (a) Re¼ 150 and (b) Re¼ 250.
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5. CONCLUSION

Alumina–water nanofluid flow and heat transfer around a calabash-shaped
body were numerically investigated by the Euler–Lagrangian method. The major
force exerted on particles is calculated using improved models of drag and Brownian
force. As the governing equations for vorticity and temperature are expressed in the

Figure 15. Local distribution of nanoparticles.

Figure 16. Variation in the average Nusselt number on the wall versus nanoparticle volume fractions.
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same form, the distribution of the two contours shows marked similarity in the
downstream wake. Due to particle movement relative to the surrounding fluid,
extreme values are found in the vorticity contour around the wall as the center of
the closed curve, which is different from those for temperature. For nanofluids with
higher particle concentration, the temperature contour close to the shoulder portion
of the two major arcs has a similar geometry, with the sharp increase in temperature
boundary layer caused by particle inertia. The vortex in the waist portion becomes
larger with higher Reynolds number as the adverse pressure gradient increases.
Particles in the recirculation region originate mainly from two areas: one near the
separation point and the other is the reattachment zone. The temperature gradient
increases close to the wall when particles in the near wake move backward and col-
lide with the rear of the body. It is shown that the variation in the Nusselt number
relates to the critical points along the wall. The local minimum value corresponds to
the separation point in flow, while for the reattachment point and the stagnation
point it exhibits a maximum value. The heat transfer characteristics of nanofluids
are compared at different volume concentrations. The results show that for unsteady
flow around a calabash-shaped body with the addition of nanoparticles, more energy
is transported downstream with increased particle volume fraction so that the heat
transfer performance is significantly enhanced.
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