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Abstract The thermal conductivity of (5, 5) single-walled carbon nanotubes
(SWNTs) with an internal heat source is investigated by using nonequilibrium molecu-
lar dynamics (NEMD) simulation incorporating uniform heat source and heat source-
and-sink schemes. Compared with SWNTs without an internal heat source, i.e., by
a fixed-temperature difference scheme, the thermal conductivity of SWNTs with an
internal heat source is much lower, by as much as half in some cases, though it still
increases with an increase of the tube length. Based on the theory of phonon dynam-
ics, a function called the phonon free path distribution is defined to develop a simple
one-dimensional heat conduction model considering an internal heat source, which
can explain diffusive-ballistic heat transport in carbon nanotubes well.

Keywords Internal heat source · Phonon dynamics ·
Single-walled carbon nanotubes · Thermal conductivity

1 Introduction

Since the discovery of carbon nanotubes (CNTs) by Iijima in 1991 [1], CNTs have
attracted much attention because of their extraordinary electrical, mechanical, and
thermal properties [2]. As one of the most important properties, the thermal con-
ductivity of CNTs has been studied by experimental measurements [3–6], theoreti-
cal analyses [7,8], and molecular dynamics (MD) simulations [9–12]. The thermal
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conductivities of single-walled carbon nanotubes (SWNTs) and multi-walled carbon
nanotubes (MWNTs) were measured in [3,4] and [5,6], respectively, and gave a range
of 2 000 W · m−1 · K−1 to 3 500 W · m−1 · K−1. It should be noted that the method
used in [6] is a self-heating scheme, while for most other previous studies, including
experimental measurements, theoretical analyses, and MD simulations, the thermal
conductivity is studied based on a fixed-temperature difference or heat flux scheme.
However, CNTs have a quasi-one-dimensional structure, and the thermal conductiv-
ity, i.e., the process of heat (phonons) transport, is dependent on the tube length. One
potential application of CNTs is in electrical management due to their excellent elec-
trical properties, where the thermal transport may be different for conditions without
an internal heat source. In this case, the contribution of the ballistic phonons to the
thermal transport is directly related to the position of the internal heat source, and
Fourier’s law of heat conduction breaks down. To the best of our knowledge, the
application of the uniform heat source (UHS) scheme to CNTs has not been reported.
Furthermore, the thermal conductivity of CNTs with an internal heat source has not
been studied.

The thermal conductivity of SWNTs with an internal heat source is investigated
by using nonequilibrium molecular dynamics (NEMD) simulations in this article. It
shows that, although the thermal conductivity of SWNTs increases with an increase of
the tube length because of diffusive-ballistic phonon transport, the present results are
always lower compared with previous results without an internal heat source. Based on
phonon dynamics, we put forward a function called the phonon free path distribution
to derive a simple one-dimensional heat conduction model, which characterizes the
thermal transport in CNTs with an internal heat source well.

2 Molecular Dynamics Simulation

The heat source-and-sink (HSS) [13] and UHS schemes are employed to study the ther-
mal conductivity of (5, 5) SWNTs with an internal heat source. The fixed-temperature
difference (FTD) scheme is also given in this article for comparison.

The bond-order potential presented by Brenner [14] is used to describe the atomic
interactions,

E =
∑

i

∑

j (>i)

[
VR

(
ri j

) − bi j VA
(
ri j

)]
, (1)

where VR(r) and VA(r) denote the repulsive and attractive interactions, respectively,
and bi j is the bond-order term. The bond length acc = 1.44 Å, wall thickness δ =
0.34 Å, and cross-section area S = 2π Rδ, in which R is the radius of the nanotube.
The motion equations of atoms are integrated by a leap-frog scheme [15] with a 0.5 fs
time step. For all simulation cases in this article, the system requires 2 000 000 time
steps to reach a steady state, and then 3 000 000 time steps to average the temperature
profile and heat source density.
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Fig. 1 (a) Schematic of the FTD simulation system and (b) symmetrical linear temperature profile due to
periodic boundary conditions

2.1 Fixed-Temperature Difference Scheme

The FTD scheme is illustrated in Fig. 1, which contains a high-temperature slab and
a low-temperature slab whose temperatures are controlled by the Nose–Hoover ther-
mostat [16]. A symmetrical linear temperature distribution is obtained due to periodic
boundary conditions. The thermal conductivity can be defined by Fourier’s law of heat
conduction,

λ = −q/∇T , (2)

where λ is the thermal conductivity, q is the heat flux density, and T is the local tem-
perature. Additional details about the FTD scheme can be found in previous study by
Hou et al. [12].

2.2 Heat Source-and-Sink Scheme

The system simulated by the HSS scheme [13] is divided identically into a heat sink
region and a heat source region, as shown in Fig. 2. The uniform heat sink and source
are obtained simultaneously by the velocity vector exchange method developed by
Müller-Plathe [17]. The exchanges of the vectors of atoms i, j are to remove energy
from the sink region while injecting energy into the source region, keeping the heat
source and sink uniform and the total energy and momentum of the system conserved.
The heat source and sink densities can be obtained as

123

Author's personal copy



2364 Int J Thermophys (2013) 34:2361–2370

Fig. 2 (a) Schematic of the HSS simulation system including a heat sink region (left half ) and a source
region (right half ) and (b) periodically quadratic temperature profile for periodic boundary conditions

qv =
∑

transfers

m
2

(
v2

i − v2
j

)

t SL
, (3)

where vi , v j are the velocities of atom i, j , respectively, m is the atomic mass, t is
the statistical time, and L is half of the system length. The temperature profile can be
derived from Fourier’s law of heat conduction,

T (x) =
{

qv

2λ

(
x + L

2

)2 − qv L2

8λ
+ T0 (−L ≤ x < 0)

− qv

2λ

(
x − L

2

)2 + qv L2

8λ
+ T0 (0 < x ≤ L)

, (4)

where T0 is the average temperature of the system. The thermal conductivity can be
extracted from the mean temperatures of the sink and source regions, i.e., TL, TR,

λ = qv L2

12
____
�T

, (5)

where �T = [(
T0 − T L

) + (
T R − T0

)]/
2, which is kept lower than 20 K by con-

trolling the exchange interval time steps in all of our simulation cases. The thermal
conductivity can also be obtained by fitting the temperature distribution curve, which
will be stated in the UHS scheme in the next section.
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Fig. 3 (a) Schematic of the UHS simulation system, two ends are thermostated to a constant temperature,
while energy is injected into the remaining part uniformly and (b) the quadratic temperature profile for
periodic boundary condition

2.3 Uniform Heat Source Scheme

The simulation system for the UHS scheme is shown in Fig. 3. The temperature of the
two ends is maintained at a constant TC(TC = T0) by the Nose–Hoover thermostat
[16]. Similar to the self-heating method in [6], the UHS is obtained by modifying the
velocity vectors of atoms i, j while keeping the total momentum conserved. The heat
source density can be given as

qv =

∑
modifys

m
2

[(
vn2

i − vo2
i

) +
(
vn2

j − vo2
j

)]

t SL
, (6)

in which vo
i , vn

i , vo
j , v

n
j are the old and new velocities of atoms i, j . The temperature

profile can be derived from Fourier’s law of heat conduction

T (x) = − qv

2λ
x2 + qv L2

8λ
+ TC. (7)

Several additional phonon modes may be excited by the thermostat and lead to the
boundary temperature jumps [18]. The mean temperature method (similar to the HSS
scheme) to extract the thermal conductivity is not suitable. Therefore, the thermal
conductivity is calculated by fitting the temperature distribution,
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Fig. 4 Temperature profiles by
the FTD scheme: open circles
are obtained by NEMD and solid
line is fitted based on the
calculated data

λ = −qv/2a, (8)

in which a is the quadratic coefficient of the fitted temperature curve.

3 Results and Discussion

3.1 Temperature Distribution

The thermal conductivity by the FTD scheme can be obtained by Fourier’s law of heat
conduction by using the linear temperature distribution as shown in Fig. 4, while the
mean temperature difference method is used to calculate the thermal conductivity for
the HSS scheme and the fitting method is applied for the UHS scheme. For the HSS
scheme, when using the thermal conductivity obtained by the method of the mean
temperatures of the left-half and right-half systems to predict the temperature profile,
we find that the predicted temperature curve (HSS1 in Fig. 5) slightly deviates from the
practical temperature distribution (HSS2, the fitted curve of the calculated data). The
predicted mean temperature difference is larger than the practical one, which means
that the predicted thermal conductivity is lower than the practical one. It also indicates
that the thermal conductivity is not a constant any longer, and the concept of “local
thermal conductivity” may not be rational. For the UHS scheme, the temperature dis-
tribution can be well described by the fitting curve regardless of the boundary jumps,
as shown in Fig. 6, which means that the local thermal conductivities along the tube
may be a constant.

3.2 Thermal Conductivity

The dependence of the thermal conductivity of SWCNTs on the tube length for dif-
ferent schemes is shown in Fig. 7. All the thermal conductivities obtained by different
methods increase with an increase of the tube length, which reflects the ballistic trans-
port of phonons in the CNTs. However, the increase rates are not the same for different
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Fig. 5 Temperature profiles by
the HSS scheme: open circles
are obtained by NEMD,
dashed-dotted curve is predicted
by the thermal conductivity
extracted according to the mean
temperature method, and dashed
curve is fitted based on the
calculated data

Fig. 6 Temperature profiles by
the UHS scheme: open circles
are obtained by NEMD and
dashed curve is fitted based on
the calculated data

methods. The thermal conductivity by the FTD method increases from 34 W·m−1·K−1

at 6 nm to 360 W·m−1 ·K−1 at 100 nm, but the thermal conductivities calculated by the
HSS and UHS methods are much lower. For the HSS scheme, the thermal conductivity
obtained by the mean temperature difference method (HSS1) is from 21 W ·m−1 ·K−1

at 6 nm to 239 W · m−1 · K−1 at 100 nm, and that by fitting the temperature profile
(HSS2), ranges from 27 W · m−1 · K−1 at 6 nm to 287 W · m−1 · K−1 at 100 nm.
Furthermore, the thermal conductivity obtained by the UHS scheme by a curve fitting
method (UHS) ranges only from 23 W · m−1 · K−1 at 6 nm to 194 W · m−1 · K−1

at 100 nm. According to the simulation results, we can draw the following conclu-
sions. First, when there is an internal heat source or sink in CNTs, different simulation
schemes give different thermal conductivities. Even for the HSS method, the mean
temperature difference and fitting temperature curve methods give different thermal
conductivities. Second, the thermal conductivity for CNTs with an internal heat source
or sink is always lower than that with a FTD, even by half in some cases. It implies
that it is a crucial problem to define the thermal conductivity of CNTs with an internal
heat source or sink. Third, the essential point is that the thermal transport in CNTs is
in a diffusive-ballistic way. In this case, Fourier’s law of heat conduction breaks down.
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Fig. 7 Length dependence of
the thermal conductivity of
SWNTs

Hence, the heat conduction model based on the phonon kinetics should be taken into
account.

4 Analyses Based on Phonon Dynamics

The mean free path (MFP) of phonons is an important concept for understanding the
heat conduction in CNTs, and the thermal conductivity of CNTs can be expressed as

λ = Cvgl, (9)

where C is the specific heat, vg is the phonon group velocity, and l is the phonon MFP,
which is an energy-weighted mean free path instead of just an average quantity due
to the diversity of phonons. A function of the energy-weighted free path distribution
�(l) is hereby defined as

�(l) = dQ

Qdl
, (10)

in which l is the phonon free path, Q is the total energy of all phonons, and dQ is
the energy for l ∈ [l, l + dl). As a distribution function, �(l) must satisfy �(l) ≥
0,�(0) = �(∞) = 0, and

∫ ∞
0 �(l) dl = 1. Since “for phonons traveling through a

defect-free nanotube, the only scattering mechanisms are due to lattice anharmonic-
ity” [8], and combined with the Boltzmann–Peierls phonon transport equation [19],
we conclude that �(l) is related to the temperature but not to the tube length, and it
reveals an intrinsic property of CNTs. For an infinite system, the phonon MFP l can
be obtained by

l =
∞∫

0

�(l) ldl. (11)
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While for a finite system L , the phonons with l ≥ L will show l = L due to the tube
length limitation, i.e., boundary scattering. Then we have

l =
L∫

0

�(l) ldl + L

∞∫

L

�(l) dl. (12)

The derivative of Eq. 12 can be written as

dl

dL
=

∞∫

L

�(l) dl > 0. (13)

It shows that l increases with an increase of the tube length L , but the increase in the
rate will decrease as the tube length increases. Equation 12 also shows that l is always
smaller than L , but will approach L when L becomes very small, which also can be
obtained by Matthiessen’s rule,

l
−1 = l

−1
p−p + L−1

et , (14)

where lp−p is the phonon MFP in Umklapp scattering, which is approximately a
constant, and Let is the distance of energy transport. Reference [5] reported that the
phonon MFP l was about 0.75 µm for a 2.76 µm length and 1 nm diameter SWNTs at
300 K, which means the phonon MFP in Umklapp scattering is about 1 µm. Since the
diameter of a single-walled CNT (5, 5) is about 0.69 nm, lp−p should be larger than
1µm. For the FTD scheme, Let ≈ L , simplify l as l ≈ L for L in the range of 0 to
100 nm, and the thermal conductivity can be described as

λ ≈ CvgL . (15)

For the UHS system with an internal heat source, the phonons can be grouped as
left-phonons (moving to the left) and right-phonons (moving to the right), whose
distance of energy transport Let can be considered as x and L − x , respectively.
Because of the independence on L for �(l) and the symmetry of phonon motions,
the functions of the phonon free path for the left-phonons �L(l) and right-phonons
�R(l) have a relationship of �L(l) = �R(l) = �(l). Then, the left-phonon MFP
lL and right-phonon MFP lR can also be simplified as lL ≈ x and lR ≈ L − x ,
respectively. The distribution of the phonon MFP along the tube can be described as
l (x) = (

lL + lR
)
/2 ≈ L/2 = constant, which is consistent with the results of the

UHS scheme. Therefore, the average phonon MFP along the tube using a weighted
energy transport (heat source density) is given as

l = 1

L

L∫

0

l (x) dx ≈ 1

2
L . (16)
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Since the temperature difference of the system is small and the phonon group velocity
can be assumed as vg ≈ constant. Then the average thermal conductivity along the
tube can be described as

λ ≈ 1

2
CvgL . (17)

It shows that the thermal conductivity of the UHS simulation system with an internal
heat source is nearly half of that of the FTD simulation system without a heat source,
which is approximately consistent with the simulation results for the SWNT length in
the range of 10 nm to 100 nm as shown in Fig. 7.

5 Conclusions

The thermal conductivity of (5, 5) SWNTs with an internal heat source is investigated
by using NEMD simulations based on UHS and HSS schemes. Though the thermal
conductivity of SWNTs with an internal heat source increases with an increase of the
tube length as predicted by diffusive-ballistic phonon kinetics, the present results are
found to be smaller than those of SWNTs with a fixed-temperature difference or heat
flux, even by half in some cases. Based on the theory of phonon dynamics, a function
called the phonon free path distribution is defined to develop a simple one-dimensional
heat conduction model considering an internal heat source, which can well explain
diffusive-ballistic heat transport in CNTs.
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