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Heat conduction in multi-walled carbon nanotubes (MWNTs) was studied using non-equilibrium molecular dynamics
simulations. This research focuses on the effects of the multi-wall structure of the MWNTs on the heat conduction. The
results show that the thermal conductivity of a MWNT is almost the same as that of the corresponding single-walled carbon
nanotubes (SWNTs) rather than much smaller as has been suggested. Thus, the multi-wall structure does not significantly
affect the thermal conduction in the MWNTs. Analysis of the temperature profiles and the phonon density of states confirms
that there is almost no heat transport between the MWNT layers and that each layer conducts heat nearly independently
along parallel channels. This is physically reasonable since the weak inter-wall interactions and large interfacial thermal
resistances make the MWNT layers behave like parallel thermal circuits.
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1. Introduction

Carbon nanotubes (CNTs) have many unique mechanical,

electrical, optical and thermal properties due to their quasi

one-dimensional structure. Since the preparation of CNTs

was reported by Iijima [1] in 1991, many potential

applications have been proposed, such as electrical

devices, hydrogen storage media, field emission devices,

nanometer-sized electronic devices, sensors and probes [2].

CNTs are of interest in related energy applications

because of their high thermal conductivity, so they have

been embedded into polymers or other media to improve

the thermal properties of composites [3,4], dispersed in

fluids to improve their heat transfer properties [5,6] and

used to coat substrates to enhance the phase transition heat

transfer [7]. Recently, double-walled carbon nanotubes

(DWNTs) have found to be more advantageous in a variety

of applications [8]. Therefore, the thermal properties and

heat conduction mechanism of CNTs, especially multi-

walled carbon nanotubes (MWNTs), need to be fully

studied.

In recent years, many researchers have obtained the

thermal properties of CNTs including single tubes and bulk

CNT samples using various methods, such as lattice

dynamics analyses [9–12], experimental measurements

[13–23] and molecular dynamics (MD) simulations

[24–37]. Mingo and Broido [10] and Wang and Wang

[12] calculated the thermal conductivity of a single-walled

carbon nanotube (SWNT) based on the Boltzmann

equations and the Landauer quantum transport formula.

Their theoretical studies which focused on the physical

mechanism gave qualitative conclusions based on some

assumptions. Fujii et al. [13] and Kim et al. [14] measured

the thermal conductivity of singleMWNTs, while Pop et al.

[15] andYu et al. [16] experimentallymeasured the thermal

conductivity of single SWNTs. They found that at room

temperature, the thermal conductivity of a single CNT,

SWNT or MWNT reached several thousand Wm21 K21.

They [19–23] have reported experimental results for bulk

CNT samples, includingCNTfilms, CNT ropes and aligned

CNT arrays, but their thermal conductivities were only 15–

200Wm21 K21, much lower than the value for a single

tube. These experimental measurements gave quantitative

conclusions, but the results were not consistent with each

other because of the limitations of the experimental

techniques and unavoidable errors at nanoscale. MD

simulations [24–37] have been used to study the effects of

various factors on the thermal conductivity of CNTs,

mostly SWNTs, to give a better knowledge of the thermal

properties of CNTs. However, the results obtained by these

three methods do not agree well, especially for single

MWNTs.

Table 1 lists some typical results for single CNTs at

room temperature. Quantitative studies of the thermal

conductivity of CNTs are still needed, especially for

MWNTs. In addition to some experimental data [13,14,18],

Alaghamandi et al. [25] calculated the thermal conductivity

of an armchair triple-walled CNT using MD simulations.

However, these results did not match the experimental data

very well. Chiu et al. [18] found that the result using the

ISSN 0892-7022 print/ISSN 1029-0435 online

q 2012 Taylor & Francis

http://dx.doi.org/10.1080/08927022.2012.655731

http://www.tandfonline.com

*Corresponding author. Email: caoby@tsinghua.edu.cn

Molecular Simulation

Vol. 38, No. 10, September 2012, 823–829

D
ow

nl
oa

de
d 

by
 [

T
si

ng
hu

a 
U

ni
ve

rs
ity

] 
at

 2
0:

56
 1

2 
A

ug
us

t 2
01

2 

http://dx.doi.org/10.1080/08927022.2012.655731
http://www.tandfonline.com


electrical breakdown was much smaller than those from

Fujii et al. [13] and Kim et al. [14] using the self-heating

method. Somemeasured thermal conductivities ofMWNTs

[13,14] were similar to those of SWNTs [15–17], which

means that the thermal conductivities of SWNTs and

MWNTs are similar while their radii are very different.

Besides the quantitative studies, there have also been some

subjective predictions based on limited experimental

results. Wang and Wang [12] assumed that for MWNTs,

the thermal conductance above a certain temperature

was the sum of the contributions of each shell acting

independently. Yu et al. [16] found that the thermal

conductivity of an SWNT was of the same order of

magnitude as themeasured results of an individualMWNT.

However, Fujii et al. [13] proposed that an MWNT might

have a much lower thermal conductivity than an SWNT

because of the interactions of phonons and electrons

between the multi-wall layers, which may be the most

popular opinion at present. Thus, the thermal properties and

the heat conduction mechanisms in an MWNT need more

detailed research.

This study predicted the thermal conductivities of a

single MWNT and the corresponding single SWNTs using

MD simulations. The MWNT heat conduction mechanism

was then analysed based on the temperature profile and

the phonon density of states (DOS). The thermal

conductivity of the MWNT is almost the same as that of

the corresponding SWNTs, so the multi-wall structure

does not significantly affect the phonon modes of the inner

and outer wall atoms.

2. Molecular dynamics simulation

MD simulations have been widely used to investigate the

thermal conductivity and heat conduction mechanisms of

CNTs [24–37] because they can not only determine the

macroscopic thermal properties but also yield useful

atomistic information for analysing thermal energy

transport in CNTs. The MD methods used to calculate

the thermal conductivity are an equilibrium molecular

dynamics (EMD) method based on the Green–Kubo

formula derived from linear response theory [38] and a

non-equilibrium molecular dynamics (NEMD) method

based on Fourier’s law of heat conduction, which imposes

an external perturbation field (a homogeneous scheme)

[39], a temperature difference [40], a heat current

(a reversed scheme) [41], a transient heat impulsion [42],

internal thermal noise [43] or uniform heat sources and

sinks [44,45]. The EMD method has a higher compu-

tational demand than the NEMD scheme, due to the slow

convergence of the autocorrelation function and the need

of a large ensemble of simulations. Thus, the present work

uses the NEMD method to predict the thermal

conductivity of the CNTs.

The simulation model and temperature profile are

illustrated in Figure 1. Periodic boundary conditions were

used along the x direction. The CNT was divided into N

slabs along the axial direction (x direction in Figure 1).

The temperatures of the first and (1 þ N/2)th slabs were

maintained at TL ¼ T0 2 dT and TH ¼ T0 þ dT. Here T0 is

the mean system temperature and dT is the difference

between the heat bath temperature and T0. The

Table 1. Thermal conductivities of single-walled carbon nanotubes at 300K.

Single-walled carbon nanotubes Multi-walled carbon nanotubes

Radius
(nm)

Length
(mm)

Thermal conductivity
(Wm21 K21)

Radius
(nm)

Length
(mm)

Thermal conductivity
(Wm21 K21)

Theoretical 0.39 0.01–106 30–5500 [10]
0.39 0.01–100 30–5300 [12]

Experimental 0.85 2.6 3500 [15] 4.9 3.7 2843a [13]
0.95 0.509 3786 [17] 7 1.5 3133a [14]
1.5 2.76 3255 [16] 10 1.6 668a [18]

MD simulations 0.344 0.003–0.12 340–1600 [24] 1.031 0.005–0.05 26–134 [25]
0.344 0.005–0.35 37–547 [25]
0.344 0.006–0.1 34–360 [26]
0.344 0.006–0.2 115–500 [27]
0.344 <0.02 2300 [28]
0.688 0.002–0.04 670–920 [29]
0.688 0.0025 [35] 6600a [30]
0.688 0.003–0.1 380–1300 [24]
0.688 0.005–0.04 30–170 [31]
0.688 0.006–0.2 250–400 [27]
0.688 0.012–0.31 36–350 [32]
0.688 0.05–1 215–850 [33]
0.756 0.003 3600 [34]

Note: All the values for the SWNTs have been converted to a cross-sectional area equal to an annular ring of thickness 3.4 Å.a Area based on estimated
packing structure.
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temperatures were maintained by the Nose–Hoover

thermostat method [46–48]. The Nose–Hoover equations

of motion are

_r ¼
p

m
; _p ¼ F2 j p; _j ¼

1

Q

X p2

m
2 gkBT

� �
; ð1Þ

where ṗ is the momentum, m is the mass of each atom, T is

the temperature, ṙ is the radius vector, kB is Boltzmann’s

constant, g ¼ 3n and Q ¼ 3nkBTt
2
r in which tr is a

relaxation time constant and n is the number of particles.

The interactions between the carbon atoms include the

intra-wall CZC bond potential and the inter-wall

interactions. The intra-wall CZC bond potential was

modelled by the Brenner potential [49]:

Eb ¼
X
i

X
jð.iÞ

VRðrijÞ2 BijVAðrijÞ
� �

; ð2Þ

where Eb is the total CZC bond potential of the system, Bij

is the many-body interaction parameter which represents

the many-body coupling between the bond from atom i to

atom j and the local environment of atom i, VR and VA are

the repulsive and attractive pair terms, and rij is the

intermolecular distance between atom i and atom j. The

inter-wall interactions are based on the Lennard-Jones

potential

VðrÞ ¼ 41
s

r

� �12

2
s

r

� �6
� �

; ð3Þ

where r is the intermolecular distance, 1 ¼ 2.968 MeV is

the energy parameter and s ¼ 0.3407 nm is the molecular

diameter [50]. The motion equations of the molecules

were integrated using the Leap-Frog algorithm with a time

step of dt ¼ 0.5 fs. Each case was run for 50,000 time steps

for the system to reach equilibrium at the mean

temperature, which was set to 300 K, and then for

850,000 steps to impose the heat baths on the two ends of

the system and to stabilise the heat conduction. After that,

the local slab temperatures and heat flux were averaged

over 3,000,000 steps. This time length was sufficient to

obtain converged results as shown below.

The simulations modelled (5, 5) and (10, 10) SWNTs,

and (5, 5) and (10, 10) DWNTs with a CZC bond length of

0.144 nm. Since the SWNT cross-section is an annular ring

with a wall thickness of 0.34 nm, its area can be calculated

as S ¼ 2pRd, where R is the CNT radius and d is the wall

thickness. The MWNTs have a cross-sectional area of

S ¼ 2pd
Xnw

1

Ri;

where Ri is the radius of the ith wall of the MWNT and nw

is the number of walls in the MWNT.

3. Results and discussion

3.1 Temperature profile

The temperature profiles for the 6.24-nm long (5, 5) and

(10, 10) DWNTs and its inner and outer walls are shown in

Figure 2. The temperature jumps near the temperature-

controlled sections and is approximately linear in the

middle sections for all three profiles. The temperature

jumps can be explained by the existence of localised edge

modes (LEM) and the accumulation of LEM because of

the deterministic characteristic of the Nose–Hoover heat

bath [51]. The temperature gradients were found in the

middle sections by a linear fitting of the temperature

distribution. Figure 2 shows that the three profiles are very

similar to each other, especially in the middle linear

sections, which means that the two walls are in thermal

equilibrium, so the temperature gradients are almost the

same. For the longest DWNT of 249 nm, the temperature

–1.0 –0.5 0.0 0.5 1.0

270

300

330

Te
m

pe
ra

tu
re

 (
K

)

x/L

DWNT

Inner wall

Outer wall

Figure 2. Temperature profiles along the 6.24-nm long (5, 5)
and (10, 10) DWNT and its inner and outer walls (colour online).

Figure 1. Schematics of (a) the simulation system and (b) the
temperature profile (colour online).
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profiles of all the double walls and the inner and outer

walls are all very similar.

The heat conduction rates in the DWNTs and the

SWNTs are illustrated by the temperature profiles of the

single (5, 5) SWNT and the (5, 5) wall in the (5, 5) and (10,

10) DWNTs in Figure 3(a) and by the profiles of the single

(10, 10) SWNT and the (10, 10) layer in the (5, 5) and (10,

10) DWNTs in Figure 3(b). These two pairs of profiles

coincide very well, which means that the inter-wall

interactions in the DWNT do not affect the temperature

distributions in either wall, so the two layers reach their

own thermal equilibrium. This phenomenon is physically

reasonable because the inter-wall interactions in DWNTs

are much weaker than the intra-wall interactions. In these

calculations, the inter-wall Lennard-Jones potential is at

least two orders of magnitude smaller than the intra-wall

Brenner potential. The inter-wall thermal resistance is then

relatively large and the heat transport will be mostly along

the intra-wall channels. Therefore, the MWNT behaves

like a parallel heat transport network in which the heat is

transported along each wall.

3.2 Thermal conductivity

Fourier’s law of heat conduction states that the thermal

conductivity is equal to the heat transfer rate per unit area

divided by the normal temperature gradient. The thermal

conductivities of the (5, 5) and (10, 10) SWNTs and the

(5, 5) and (10, 10) DWNTs for different lengths ranging

from 6.24 to 249 nm are shown in Figure 4. This figure also

gives the MD results for (5, 5) SWNTs at 300K by

Maruyama [27], experimental data of an SWNT with

diameter d ¼ 1.7 nm at 300 K by Pop et al. [15] and an

MWNT with d ¼ 14 nm at 320 K by Kim et al. [14], and

the theoretical predictions for an (10, 0) SWNT whose

radius is almost equal to (5, 5) at 316 K by Mingo and

Broido [10]. For comparison, all the SWNT thermal

conductivities in the references were converted to a cross-

sectional area of an annular ring of thickness 3.4 Å.

The results in Figure 4 show that the present simulation

results for the (5, 5) SWNTs agree well with previous

values [10,15,27], which demonstrates that this analysis

can accurately predict the thermal conductivities of CNTs.

The thermal conductivities of the (5, 5) and (10, 10)

SWNTs with the same length are almost the same with

relative errors mostly less than 15%. Furthermore,

comparison of the thermal conductivities of the (5, 5)

and (10, 10) SWNTs and the (5, 5) and (10, 10) DWNTs

with the same length suggests that these three kinds of

CNTs have similar thermal conductivities with differences

between those of the (5, 5) and (10, 10) DWNTs and the

(5, 5) and (10, 10) SWNTs being within 10%. In particular,

the present MD results of the (5, 5) and (10, 10) DWNTs

match well with previous experimental data of MWNTs

[14]. As mentioned before, the experimental results of

MWNTs differ greatly, but Kim et al. [14] used a

microfabricated suspended device with a self-heating

method which is more accurate for a single tube.

The results in Figure 4 show that the MWNT thermal

conductivity is almost the same as that for the

corresponding SWNTs, rather than being much smaller

than them as stated by Fujii et al. [13], which is currently

the popular belief. This conclusion that they are similar is

consistent with various experimental results [13–17]. The

temperature profiles shown in Figure 3, which indicate that

each DWNT layer reaches its own thermal equilibrium,

help explain this conclusion. Since the inter-wall

interactions are much smaller than the intra-wall

potentials, the thermal resistance in the radial direction is
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Maruyama [(5, 5)] [27]
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Km et al. (MWNT)[14]i
Mingo etal. (SWNT) [10]
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Figure 4. Length dependence of the thermal conductivity of the
(5, 5) and (10, 10) SWNTs and (5, 5) and (10, 10) DWNTs at
300K (colour online).
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Figure 3. Temperature profiles for (a) the (5, 5) SWNT and the
inner wall of the (5, 5) and (10, 10) DWNTs, and (b) the (10, 10)
SWNT and the outer wall of the (5, 5) and (10, 10) DWNTs
(colour online).
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much greater than that in the axial direction. If heat is

transferred in the radial direction, the thermal conductivity

would be much lower, but in this case the MWNT is like a

set of parallel heat transport channels which conduct heat

almost independently of each other so they independently

reach thermal equilibrium. In addition, the thermal

conductivities of the single channels are almost the

same, so the thermal conductivity of the MWNT with its

parallel thermal circuits is also the same. Thus, these

temperature profiles and thermal conductivities are

reasonable.

3.3 Phonon density of states

Since the phonon contribution dominates the CNT thermal

transport, phonon theory can be used to explain the observed

thermal conduction behaviour. For an MWNT, the acoustic

phonon modes can be classified as one longitudinal acoustic

(LA) mode, one twisting acoustic (TW) mode and two

transverse acoustic (TA) modes with the out-of-plane

acoustic mode dominating the thermal properties. In

addition, for the temperatures in these simulations the

wavelengths of the majority of the phonons of the order of

10210m [27] are much shorter than the tube diameter which

is about 1029m, so the couplingbetween theMWNTwalls is

very weak. This is supported by the following analysis of the

phonon DOS, so an MWNT can be treated as decoupled

single wall tubes. The phonon DOS is investigated to

explain the behaviour of the MWNT thermal conductivity

in more detail.

The phonon DOS is obtained by taking the Fourier

transform of the velocity autocorrelation function (VAF)

[52]. The VAF expression is given by

VAFðtÞ ¼ kvð0Þ�vðtÞl ¼
1

n

Xn
i¼1

viðt þ t0Þ�viðt0Þ

* +
; ð4Þ

where vi(t) is the velocity of the ith particle at time t, n is

the number of particles and k···l denotes an average over a

set of initial times t0. Thus, the calculation of phonon

DOS can be expressed as

DOSðf Þ ¼

ð
expð2i2pftÞVAFðtÞdt; ð5Þ

where VAF(t) is the velocity autocorrelation function and

f is the phonon frequency.

Figure 5 presents the convergence of the VAFs of the

6.24-nm long (5, 5) and (10, 10) SWNTs and the (5, 5) and

(10, 10) DWNTs. These profiles are similar and all of the

VAFs of these three CNTs converge to zero within about

3 ps. Since the VAF convergence is related to the phonon

collision frequency, the radial structural differences

between these three tubes do not significantly affect the

phonon states.
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Figure 6. Phonon DOS of (a) the (5, 5) SWNT and the inner
wall of the (5, 5) and (10, 10) DWNTs and (b) the (10, 10) SWNT
and the outer wall of the (5, 5) and (10, 10) DWNTs at 300K
(colour online).
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Figure 5. Convergence of the VAFs for the 6.24-nm long (5, 5)
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Figure 6(a) shows the spectra of the phonon DOS of the

single (5, 5) SWNT, the (5, 5) and (10, 10) DWNTs and the

(5, 5) layer in the (5, 5) and (10, 10) DWNTs. The phonon

DOS spectrum of the (5, 5) SWNT is consistent with the

previous results [28,34]. For the single (5, 5) SWNT and

the (5, 5) layer in the (5, 5) and (10, 10) DWNTs, although

their phonon DOS peaks are not exactly the same, the

positions are very close which means that the frequencies

of the excited phonons in the DWNT inner wall and in the

corresponding SWNT are almost the same and the multi-

wall structure of the DWNT does not affect the phonon

modes of the inner-wall atoms. Figure 6(b) gives the

phonon DOS spectra of the single (10, 10) SWNT, the (5,

5) and (10, 10) DWNTs and the (10, 10) layer in the (5, 5)

and (10, 10) DWNTs. These results give a similar

conclusion that the multi-wall structure of the DWNT does

not affect the phonon modes of the outer-wall atoms. This

behaviour of the phonon modes in DWNTs and the

corresponding SWNTs clearly explains the current results.

This further validates our understanding that each wall in a

single MWNT is a nearly independent parallel heat

transport channel and the multi-wall structure does not

significantly affect the thermal conduction in each wall.

4. Conclusions

MD simulations are used to study the heat conduction in

MWNTs. The results show that a MWNT behaves like

parallel heat transport channels in which the heat is

transported along each wall independently, so the thermal

conductivity is almost the same as that of the correspond-

ing SWNT rather than being much smaller than them.

Analyses of the temperature profiles and phonon states

show that because of the weak inter-wall interactions and

large interfacial thermal resistance in an MWNT, each

wall conducts heat almost independently and reaches its

own thermal equilibrium. Analysis of the phonon DOS of

the DWNTs and the corresponding SWNTs shows that the

DWNT multi-wall structure does not affect the phonon

modes of the inner and outer wall atoms, which explains

why the conductivities are similar.
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