
Equation of motion of a phonon gas and non-Fourier heat conduction
Bing-Yang Cao and Zeng-Yuan Guoa�

Department of Engineering Mechanics, Tsinghua University, Beijing 100084, China

�Received 5 February 2007; accepted 14 July 2007; published online 4 September 2007�

Heat conduction in solids is due to the motion of the phonon gas. A more general description of the
heat transport in solids includes consideration of the mass, pressure, and inertial force of the phonon
gas. The mass of the phonon gas refers to the equivalent mass of its energy based on Einstein’s
mass-energy relation. The thermal vibration of the lattice creates the phonon gas pressure and the
momentum change of the phonon gas results in an inertial force. The phonon gas velocity is directly
proportional to the heat flux. These concepts are used to establish an equation of motion for the
phonon gas including the driving, inertial, and resistant forces using Newtonian dynamics. This
equation reduces to Fourier’s law of heat conduction when the inertial force can be neglected
relative to the other terms so that heat conduction becomes pure diffusion. However, Fourier’s law
of heat conduction no longer holds if the heat flux is very high, such that the inertial force of the
phonon gas is not negligible. In such cases, the heat conduction behavior deviates from Fourier’s
law even for steady-state conditions so that the heat conduction is characterized by a nonlinear
relationship between the heat flux and the temperature gradient. © 2007 American Institute of
Physics. �DOI: 10.1063/1.2775215�

I. INTRODUCTION

Heat transfer, as a branch of general physics, studies
thermal phenomena using concepts that differ from other
fields of study. As early as 1822, Fourier, a French math-
ematical and physical scientist, pointed out in his famous
monograph “Analytical Theory of Heat:” “… These �the ef-
fects of heat� make up a special order of phenomena, which
cannot be explained by the principles of motion and equilib-
rium. …This part of natural philosophy cannot be connected
with dynamical theories, it has principles peculiar to itself
…”1 He then proposed the famous Fourier’s heat conduction
law to characterize heat motion, which has been widely ap-
plied in a variety of engineering areas. Fourier’s law is quite
different from Newton’s law of motion, which is a linear
relationship between the force and the acceleration of an ob-
ject. Fourier’s law states that the heat flux is proportional to
the temperature gradient. From the viewpoint of irreversible
thermodynamics,2,3 Fourier’s law describes a linear relation-
ship between a generalized force �temperature gradient� and
a generalized flux �heat flux�. The heat flux is actually the
thermal energy motion at a certain velocity �described in
detail in the following sections�. Therefore, the concept that
the force is proportional to the velocity differs from the me-
chanical phenomena described by Newton’s law. In modern
physics, Newton’s law has been used for microscopic analy-
ses of heat transport phenomena, such as molecular motion
and molecular interactions in statistical thermodynamics4

and lattice motion and lattice interactions in lattice
dynamics.5 Nevertheless, macroscopic heat transport is a dif-
fusive process following Fourier’s law, where heat is trans-
ported by diffusion, which is referred to as molecular trans-
port. Though Fourier’s law is an empirical relationship, it has

been verified in numerous engineering designs and has been
widely applied. However, for transient heat conduction pro-
cesses, Fourier’s law leads to the nonphysical conclusion that
the heat propagation speed is infinite since the heat conduc-
tion equation based on Fourier’s law is parabolic. This physi-
cal drawback has attracted many attempts to improve Fouri-
er’s model. Cattaneo,6 and subsequently Vernotte7 and Morse
and Feshbach8 developed a heat conduction model, often
called the Cattaneo-Vernotte �CV� equation, to replace Fou-
rier’s law. The CV equation is hyperbolic due to the addi-
tional term including the derivative of the heat flux with
respect to time, which makes the heat propagation speed fi-
nite. Later, Gurtin and Pipkin9 and Coleman et al.10 deduced
more general heat conduction equations, which are similar to
the CV equation.

Existing results have demonstrated that the non-Fourier
heat conduction effect, i.e., the finite heat propagation speed,
should be taken into account only for ultrafast heating or
ultralow temperatures and can be ignored in most other heat
transport problems. For example, Tsai and MacDonald11

simulated heat impulsion propagation in a solid using a mo-
lecular dynamics analysis. Tzou12,13 deduced various expres-
sions for the non-Fourier heat conduction equation. Xu and
Guo14 studied the phenomena of thermal waves in electronic
chips. Brorson et al.15 measured the time for a heat pulse to
penetrate a thin gold film with a measured heat transport
speed of about 106 m/s.

The non-Fourier phenomena have been shown to occur
only for transient heat conduction conditions in the litera-
tures because the most existing non-Fourier conduction mod-
els reduce to Fourier’s model for steady-state cases. In recent
years, the applicability of Fourier’s heat conduction law has
been questioned even for steady-state conditions. Lepri et
al.16 numerically studied the heat transport in a nonlinear
one-dimensional harmonic-vibrator chain and found that its
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thermal conductivity is approximately proportional to the
square root of the particle number �chain length�, which in-
dicates a breakdown of Fourier’s law of heat conduction.
Narayan and Ramaswamy17 calculated the thermal conduc-
tivity of a one-dimensional fluid based on a momentum con-
servation analysis to show that the thermal conductivity is
linearly related to the cube root of the system length.
Maruyama18 computed the thermal conductivity of single
walled carbon nanotubes �CNTs� with lengths of 6–404 nm
using molecular dynamics simulations and found that the
thermal conductivity increased with increasing CNT length.
Such non-Fourier phenomena were attributed to the effect of
the low dimensionality of the materials by Livi and Lepri.19

In all these calculations, the thermal conductivity was based
on Fourier’s law, that is, equal to the ratio of the heat flux to
the temperature gradient. Hence, this method to estimate the
thermal conductivity is inappropriate when Fourier’s law
breaks down. This article presents the fundamental equation
of heat motion �transport� in solids in terms of Newtonian
dynamics, and then analyzes the physical nature and appli-
cability of Fourier’s law of heat conduction.

II. PHONON GAS AND HEAT DIFFUSION IN SOLIDS

The thermal energy in a solid is due to the thermal vi-
bration energy in the lattice. The lattice vibration energy is
quantized and the energy quantum is called a phonon. The
state of the lattice vibrations may be characterized by the
phonon gas consisting of large numbers of phonons moving
randomly.5 Debye obtained an approximate expression for
the thermal conductivity of a solid from the kinetic theory of
gases,

K =
1

3
Cvl , �1�

in which C is the specific heat, v is the average velocity, and
l is the mean free path �MFP� of the phonons. Therefore, the
theory of heat conduction in solids describes heat transport
as the diffusion of phonons along the direction of its density
gradient.

III. EQUIVALENT MASS OF A PHONON GAS

Since phonons are energy quanta, a physical quantity,
the equivalent mass of the phonon gas, is introduced to de-
scribe the motion of the phonon gas. According to Einstein’s
special theory of relativity,20 the mass of an object increases
with its speed and the mass and energy of an object related
by

E = Mc2 =
M0c2

�1 − u2/c2
, �2a�

in which M is the moving mass or the relativistic mass of the
object, M0 is the rest mass, u is the velocity, c=3.0
�108 m/s is the speed of light in a vacuum, E is the total
energy or the relativistic energy of the object, and M0c2 is
the energy of the rest object. The relation between the mov-
ing mass and the rest mass of a moving object can be de-
duced from Eq. �2a�

M =
M0

�1 − u2/c2
. �3a�

With u�c, Eqs. �2a� and �3a� can be simplified to

E = M0c2 +
1

2
M0u2, �2b�

M = M0 +
1
2 M0u2

c2 , �3b�

where M0u2 /2 is the kinetic energy of an object in Newton-
ian mechanics. Therefore, the relativistic energy is equal to
the sum of the rest energy and the kinetic energy of the rest
mass and the relativistic mass is equal to the sum of the rest
mass and its equivalent mass when the velocity of the object
is much less than the speed of light. We now consider a rest
object with mass M0 and temperature T. M0 is the sum of all
the atomic masses in the object. The thermal vibration en-
ergy is assumed to be ED0, and the atomic relativistic mass
will then be larger than the rest mass. When the velocities of
the lattice vibrations are much less than the speed of light,
the increased mass due to the thermal vibrations is approxi-
mately

Mh =
ED0

c2 . �4�

Thus, Mh can be called the thermal vibration mass or the
equivalent mass of the phonon gas by Guo et al.21 Thus, the
total mass of the solid is equal to the sum of its rest mass and
the equivalent mass of the phonon gas,

M = M0 + Mh. �5�

IV. PHONON GAS VELOCITY

When a temperature gradient occurs in a solid, thermal
energy flows from the hot to the cold regions. This relation-
ship is normally described by Fourier’s law

q = − K
dT

dx
, �6�

in which T is the temperature and q is the heat flux. The
thermal energy motion �transport� is usually described by the
heat flux. The thermal energy motion can be better described
by its velocity defined by an advection transport term as

q = �CTuh, �7a�

where � is the mass density, C is the specific heat, and T is
the temperature. Since the thermal energy in a solid is equal
to the energy of the phonon gas, �CT is actually the energy
of the phonon gas per unit volume. Thus, uh is the velocity of
the thermal energy motion, which is equivalent to the mean
phonon drift velocity or the macroscopic velocity of the pho-
non gas. For one-dimensional heat conduction through a sili-
con plate with a temperature difference �T=10 K and a heat
flux of q=104 W/m2, the phonon gas velocity is on the order
of 10−5 m/s.

Dividing both sides by the square of the speed of light
yields
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ṁh =
q

c2 =
�CT

c2 uh = �huh, �7b�

in which ṁh is the equivalent mass of the phonon gas flowing
across a unit area per unit time, which is equal to the product
of the mass density and the phonon gas velocity. ṁh can be
referred to as the phonon mass velocity, since it is very simi-
lar to the fluid mass velocity in fluid mechanics.

V. DRIVING FORCE FOR PHONON GAS MOTION

Since the phonon gas has the nature of mass according to
Einstein’s mass-energy relationship, and heat transport is ac-
tually the motion of the phonon gas, the phonon gas may be
regarded as a kind of fluid. Hence, its motion can be de-
scribed by Newton’s laws with consideration of the equiva-
lent mass of the phonon gas with a drift velocity. Thus, a
phonon gas acted on by no net force moves with constant
velocity and accelerates if a net external force acts on it. The
driving force here has units of newtons, which is quite dif-
ferent from the generalized force in irreversible
thermodynamics.2,3

The state equation of a phonon gas was deduced from
the Debye state equation by Guo et al.22 The Debye state
equation for solids is

p = −
�E

�V
+

��ED0

V
, �8�

in which p is the pressure, V is the volume, ED0 is the lattice
vibration energy, i.e., the thermal energy of the solid, and �
is the Grüneisen constant. The first term on the right-hand
side of Eq. �8� which represents the interactions between
atoms is a negative attractive force. The second term due to
the lattice vibrations is a positive repulsive force. Since this
force arises from thermal vibrations, it can be called the ther-
mal pressure. The equation for lattice thermal vibrations
when the solid temperature is higher than the Debye tem-
perature is

p0V = �ED0 = 3�M0RT = �M0CT , �9�

in which ED0 is the thermal vibrational energy of the atomic
rest mass. The thermal vibrational energy based on the rela-
tivistic mass of the atoms is

ED = ED0 + Eh = �M0 + Mh�CT , �10�

Eh =
ED0

c2 �CT� =
M0

c2 �CT�2, �11�

in which Eh is the thermal vibrational energy of the phonon
gas, i.e., the thermal energy of the equivalent mass of the
phonon gas. The phonon gas pressure can then be related to
the energy by the state equation of a phonon gas as

phV = �MhCT , �12a�

or

ph = ��hCT =
��

c2 �CT�2, �12b�

in which �h=�CT /c2 is the mass density of the phonon gas.
The phonon gas pressure is proportional to the square of the
temperature since the phonon gas mass is proportional to the
temperature. For silicon at room temperature, the phonon gas
pressure is about 5�10−3 Pa.

Just as the pressure gradient is the driving force for the
fluid flow, the driving force for the phonon gas motion in
solids is the pressure gradient of the phonon gas. For a one-
dimensional case, the pressure gradient on the phonon gas
can be written as

dph

dx
=

��C2

c2

d�T2�
dx

=
2��C2

c2 T
dT

dx
. �13�

Therefore, the driving force for the phonon gas motion is
proportional to the gradient of the square of the temperature.

VI. PHYSICAL ESSENCE OF FOURIER’S LAW
OF HEAT CONDUCTION

The temperature gradient is often understood as the driv-
ing force for the heat flux. Since the temperature gradient
does not have a unit of force, it is called a generalized force
or thermodynamic force in irreversible thermodynamics,
with the heat flux treated as a generalized flux driven by the
generalized force. Moreover, the heat transport process char-
acterized by Fourier’s law is modeled as a diffusive phenom-
enon which differs from mechanical motion. Despite this
conventional viewpoint, the physical essence of Fourier’s
law can also be clarified from Newtonian mechanics.

To compare heat conduction with other phenomena, first,
consider fluid flow in porous media. The fundamental equa-
tion characterizing fluid flow in porous media is Darcy’s
law,23

ṁ = �um = − Km
dp

dx
, �14�

in which ṁ is the mass flux and Km is the permeability of the
porous media. Equation �14� can be rewritten as

−
dp

dx
=

�

Km
um = fmo, �15a�

fmo = �moum, �15b�

in which fmo is the viscosity-induced resistance per unit vol-
ume, �mo=� /Km. Equation �15� represents the balance be-
tween the driving force and the resistant force with the iner-
tial force being ignored.

Then, consider the flow of a phonon gas in a solid. Sub-
stituting Eq. �7b�, the relationship between the heat flow and
the phonon gas velocity, into Fourier’s model gives

�huh = −
K

c2

dT

dx
. �16�

The right-hand side of Eq. �16� can be written in terms of the
pressure gradient in the phonon gas �see Eq. �13�� as
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�huh = −
K

2c2��hC

d���hCT�
dx

= −
K

2c2��hC

dph

dx
,

which can be rewritten as

−
dph

dx
= �2�C�h

2

K
�uh = fh, �17a�

fh = �huh, �17b�

or

dph

dx
+ fh = 0. �18�

As with Eq. �15�, for flows in porous media, Eqs. �17a� and
�18� are force balance equations for the driving force per unit
volume, dph /dx, and the resistant force per unit volume, fh,
which is induced by the phonon scattering. Equation �17b�
indicates that the resistant force is proportional to the phonon
gas velocity with the proportionality constant

�h =
2�c2C�h

2

K
. �19�

Therefore, the physical essence of Fourier’s law of heat con-
duction is the motion of a phonon gas when its driving force
�or pressure gradient� is in equilibrium with its resistant
force. In other words, Fourier’s law characterizes the thermal
energy motion when the pressure gradient is counterbalanced
by the resistance.

VII. EQUATION OF MOTION FOR A PHONON GAS

A. Continuity equation for a phonon gas

For heat transport in a solid without an internal heat
source, the equivalent mass of the phonon gas remains con-
stant during the phonon gas motion. The continuity equation
is

��h

�t
+ div��hUh� = 0. �20�

For an infinite plate with different temperatures on its
two sides, as shown in Fig. 1 �T1�T2�, the continuity equa-

tion for one-dimensional, steady-state thermal conduction
can be simplified to

�huh = ṁh = const. �21�

Thus, the phonon gas mass flowing into the plate is equal to
that flowing out of the plate. However, because the mass
density of the phonon gas in a solid varies with temperature,
the phonon gas accelerates along the flow direction, namely,

uh2

uh1
=

�h1

�h2
=

T1

T2
� 1. �22�

Consequently, the inertial force of the phonon gas flow varies
in the direction of the heat flow even for one-dimensional
steady-state flows.

B. Equation of motion for a phonon gas

As stated above, the driving force for heat transport
�phonon gas motion� is the pressure gradient in the phonon
gas. The momentum variation in the phonon gas results in a
change of the inertia. The momentum here refers to the mo-
mentum carried by the equivalent mass of the phonon gas,
which differs from the apparent momentum of a phonon de-
fined in solid physics.5 In addition, a flow resistance must
exist because of the nonlinearity of the lattice vibrations and
defects in the solid. Thus, the equation of motion for the
phonon gas can be written as in fluid mechanics,

�h
DUh

Dt
+ �Ph + fh = 0. �23�

The first term represents the inertial force of the phonon gas
motion, the second term is the pressure gradient, and the
third term is the flow resistance.

For transient problems, Eq. �23� along with the continu-
ity equation can model transient thermal transport processes,
such as femtosecond laser heating. However, this discussion
will focus on the steady-state cases. For a one-dimensional
case, Eq. �23� can be simplified to

�huh
duh

dx
+

dph

dx
+ fh = 0. �24�

When the inertial force is zero or negligible, the pressure
gradient is simply related to the resistance as

dph

dx
+ fh = 0, �25�

which is the same as Eq. �18� derived from Fourier’s law.
The resistance is linearly related to the velocity as

fh = �huh. �26�

Then the phonon gas state equation, Eq. �12b�, can be com-
bined with Eqs. �6�, �7a�, �7b�, and �26� to give

− 2�phC
dT

dx
= �huh.

Multiplying both sides by the thermal conductivity K and
rearranging gives

FIG. 1. Schematic of the thermal conduction processes across an infinite
plate.
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− K
dT

dx
=

�K

2��h
2C

��huh� = � �

2��h
2

K

C
�ṁh = � �K

2c2��h
2C
�q .

�27�

Since Fourier’s law is widely applicable for normal con-
ditions, then

� =
2c2��h

2C

K
, �28�

which is the same as Eq. �19�.
Equations �24�–�28� show that the equation of motion

reduces to Fourier’s law when the inertial force is negligible
and the resistance is proportional to the phonon gas velocity.
Since the phonon gas velocity is very small in general, Fou-
rier’s law accurately characterizes heat conduction in gen-
eral. For one-dimensional heat conduction through a silicon
plate with boundary temperatures T1=400 K and T2

=300 K and a heat flux of q=104 W/m2, the phonon gas
velocity is only about 10−5 m/s and the ratio of the inertia to
the driving force is on the order of 10−16 only.

Under extreme conditions of ultrahigh heat fluxes or ul-
tralow temperatures, however, Fourier’s law of heat conduc-
tion breaks down and the equation of motion for a phonon
gas has to be used to analyze the heat transport.

VIII. NON-FOURIER HEAT CONDUCTION

The deviation of heat conduction from Fourier’s model
is referred to as non-Fourier heat conduction. When the in-
ertia can be ignored and the resistance is linearly related to
the velocity, Fourier’s law may be used to calculate the re-
sistance in the phonon gas in the equation of motion of a
phonon gas, Eq. �23�. For one-dimensional, steady-state heat
conduction, the equation of motion, Eq. �24�, taking into
account Eq. �19�, can be written as

�huh
duh

dx
+ 2��hC

dT

dx
+

2c2��h
2C

k
uh = 0. �29�

Using the continuity equation, Eq. �21�,

duh

dx
= −

uh

�h

d�h

dx
. �30�

Then, Eq. �29� can be rewritten as

�2�C −
uh

2

CT
�dT

dx
+

2�C

k
q = 0,

or

�1 −
q2

�2C3T3�K
dT

dx
+ q = 0. �31�

This can be regarded as a generalized form of Fourier’s law
for heat conduction. Equation �31� shows that the heat flux is
not just proportional to the temperature gradient, which is a
typical feature of non-Fourier heat conduction effects.
Higher heat fluxes will result in greater deviations of heat
conduction from Fourier’s law.

In recent materials, especially nanomaterials, the thermal
conductivity measurement is usually based on Fourier’s law

of heat conduction. However, if Fourier’s law breaks down,
the result is not the intrinsic thermal conductivity of the ma-
terial but a quantity related to the actual thermal conductiv-
ity, which will be referred to as the apparent thermal conduc-
tivity,

q

− �dT/dx�
= KD = K�1 −

q2

�2C3T3� �KD � K� , �32�

where K is the intrinsic thermal conductivity and KD is the
apparent thermal conductivity. Therefore, the apparent ther-
mal conductivity extracted from experimental data assuming
Fourier’s law of heat conduction is not an intrinsic property
of the material, but is actually a function of the heat flux
which is always less than the intrinsic thermal conductivity.

Now consider one-dimensional, steady-state heat con-
duction in a carbon nanotube. The boundary conditions on
both ends are constant temperatures with a temperature dif-
ference �T=T1−T2=20 K. If the thermal conductivity K is
5000 W/m K and is temperature independent, the tempera-
ture profiles along carbon nanotubes with lengths of 40, 80,
and 120 �m has been shown in Fig. 2. If the temperature
difference remains constant, varying the carbon nanotube
length is equivalent to changing the heat flux. When the heat
flux is very high, the inertial force cannot be neglected,
which leads to nonlinear temperature profiles along the nano-
tube. When the nanotube is longer, the heat flux is less, and
the temperature profiles are closer to linear. Figure 3 shows
the apparent thermal conductivities of carbon nanotubes with
various lengths �heat fluxes�, where the apparent thermal
conductivities KD are always less than the intrinsic thermal
conductivity K. Shorter carbon nanotubes result in smaller

FIG. 2. Predicted temperature profiles along a carbon nanotube.

FIG. 3. Dependence of the apparent thermal conductivity predicted using
Eq. �32� on carbon nanotube length.
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apparent thermal conductivities. As the nanotube length in-
creases, the heat flux decreases, and KD approaches K. For
q2 /�2C3T3�1 in Eq. �32�, Fourier’s law is applicable, and
the temperature profiles are linear. If the experimentally mea-
sured thermal conductivity were regarded as the actual ther-
mal conductivity rather than the apparent thermal conductiv-
ity, the thermal conductivity would be mistakenly found to
vary with the nanotube length �see Fig. 3�. The heat flux
through carbon nanotubes can reach 1012 W/m2.18 The term
q2 /�2C3T3 is then not much less than unity, which may be
one of the factors for the observed variation of the thermal
conductivity with carbon nanotube length in addition to the
ballistic transport of phonons in Maruyama’s calculational
results.18 Recent advances in nanotechnology have made it
possible to experimentally measure thermal transport in
nanostructure materials, such as in carbon nanotubes24–26 and
nanofilms.27 The measured heat fluxes in these nanostructure
systems were very high, �0.1–2��109 W/m2,24–27 since the
temperature gradients were very large. For such high heat
fluxes, the non-Fourier effects will probably influence the
steady-state heat conduction in these nanoscale systems.

IX. CONCLUSIONS

�1� A better description of the heat transport in solids due to
the phonon gas motion was developed using Einstein’s
mass-energy relationship from the special theory of rela-
tivity to define concepts such as the equivalent mass of
the phonon gas and the phonon gas pressure. The equa-
tion of motion for the phonon gas was derived including
terms for the driving force, the inertial force, and the
flow resistance based on Newtonian dynamics.

�2� The equation of motion of the phonon gas reduces to
Fourier’s law of heat conduction when the phonon gas
velocity is so small that the inertial force may be ne-
glected compared with other forces. Therefore, the
physical essence of Fourier’s law is a balance between
the driving force �pressure gradient� and the flow resis-
tance in the phonon gas. That is, Fourier’s law charac-
terizes the phonon gas motion when the pressure gradi-
ent is in equilibrium with the resistance.

�3� When the heat flux density is so large that the inertial
force of the phonon gas can not be neglected, Fourier’s
law breaks down, resulting in non-Fourier heat conduc-

tion even for one-dimensional steady-state conditions.
The heat flux is then no longer related to linearly to the
temperature gradient. Hence, the thermal conductivity of
the material can no longer be defined as the ratio of the
heat flux to the temperature gradient in experiments or
numerical computations.
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