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momentum source and sink are realized by momentum exchanges of individual atoms
in the left and right half systems, like the reverse nonequilibrium molecular dynamics
(RNEMD) method [20] [Miiller-Plathe, Phys. Rev. E, 49 (359), 1999]. This method has all
features of RNEMD. In addition, the present momentum swap strategy maximizes the per-
o turbation relaxation and eliminates the boundary jumps, which often harm other NEMD
Shear viscosity . L. .. . .
Nonequilibrium molecular dynamics methods greatly. With periodic boypdary condmons quadratic velocity profiles can pe con-
Molecular fluid structed and from the mean velocities of the right and left half systems the shear viscosity
Uniform source-and-sink scheme can be easily extracted. The scheme is tested on Lennard-Jones fluids over a wide range of
state points (temperature and density), momentum exchange intervals and system sizes. It
is demonstrated that the present approach can give reliable results with fast convergence
by properly selecting the simulation parameters, i.e. particle number and exchange
interval.
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1. Introduction

The shear viscosity is one of the most important physical properties of fluids [1]. It describes the internal resistance of
fluids to flow and may be thought of as a measure of fluid friction. There also exists a subject known as rheology focusing
on the study of viscosity and related concepts. Therefore, the shear viscosity has been widely studied over the years. For
example, theoretical analysis, experimental studies or computer simulations are carried out recently on the shear viscosity
of classical gas [2], single-wall-carbon-nanotube suspensions [3], ionic liquids [4] and polymer melts [5-8]. More impor-
tantly, its application is being extended from the old industrial process to some newly developed and most popular areas,
such as the control of smart fluids [9,10] and fluid flows in MEMS or NEMS [11]. Thus, it is highly desired to get accurate
results of the shear viscosity under a wide range of state points and materials. Although the experiments are easy to realize
[12], it is not always the best option because under some special circumstances like lubricants at engine temperatures or
some exotic conditions the experiments are economically unrealistic [1]. Lots of efforts have been made to study an alter-
native to the experiments, i.e. the Molecular Dynamics (MD) simulation method.

The MD method is typically classified as Equilibrium Molecular Dynamics (EMD) and nonequilibrium molecular dynamics
(NEMD) for the shear viscosity calculation. The EMD methods use the Green-Kubo (GK) formula to measure the decay of
near equilibrium pressure fluctuations or the Einstein relation to accumulate the displacements over time [13]. Both the
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EMD methods converge very slowly because the pressure fluctuates heavily over the whole simulation box which causes a
poor signal to noise ratio [14]. Most recently, Chen et al. [15] pointed out making viscosity estimates at early correlation
times rather than at later times can avoid larger statistical errors. To accomplish this, details of the system and a careful
selection of the integration time are necessary. In a more direct EMD method the viscosity can be determined by momentum
fluctuation based on the decay of correlation in the motion of particles which requires to be assumed firstly, and thus it is not
more appealing than the classical EMD methods [14]. The NEMD methods converge much faster than EMD, and hence have
been more and more popular over the years. A NEMD simulation is usually realized by perturbing the system out of equi-
librium and the transport coefficients can be obtained from the steady-state response to the perturbation by a linear re-
sponse theory. The typical NEMD methods include one of the earliest periodic perturbation method [16] and the SLLOD
algorithm [17]. For the former method, an external force is applied to generate an oscillatory velocity profile. And in the
SLLOD algorithm the viscosity can be obtained by imposing a Couette flow in a non-Hamiltonian way. Besides these two clas-
sical ways, researchers have come up with a few different NEMD methods which may be worth mentioning here. Arya et al.
[13] developed a momentum impulse relaxation method by imposing a Gaussian velocity profile whose relaxation is far
away from boundaries on a periodic box at initial time to minimize the phonon corruption. The Poiseuille flow method
was also restudied lately with the boundary problem solved by introducing periodicity [14]. Different from both EMD
and NEMD, Thomas et al. [1] established a transient molecular dynamics (TMD) method which focused only on the initial
decay after a gradient was imposed onto the system without concerning the steady state.

Miiller-Plathe developed a reverse nonequilibrium molecular dynamics method (RNEMD) and first used it to calculate the
shear viscosity of atomic fluids, e.g. Lennard-Jones (LJ) particles, in 1999 [18]. Years later this scheme was extended to molec-
ular fluids [19] and the influence of the manostats and thermostats were checked [20] by Miiller-Plathe and his coworkers.
The beauty of this RNEMD mainly lies in its simplicity. It establishes an unphysical momentum swap which ensures the
hard-to-mearsure flux is known beforehand and leaves us to compute the gradient. And it also conserves both the energy
and momentum during the swaps. This feature further enables a microcanonical ensemble to be used during the simulations
without a thermostat. In the mean time, several other researchers did some rewarding jobs based on the shear viscosity cal-
culation through RNEMD to either put forward modifications [21], or reveal problems [22], or develop a new method [23].
These are indicative of the popularity and impressive merit of the RNEMD method.

The nonlinearity of the velocity profile in the RNEMD simulation at high momentum flux was predominately caused by
the nonflat RNEMD temperature and density profiles, as Tenny and Maginn mentioned in Ref. [22]. This boundary jump will
harm the effort to acquire reliable results which was also reported in the NEMD simulations of other transport properties,
like thermal conductivity [24] and self-diffusion coefficient [25]. To reduce the boundary temperature jump in the study of
thermal conductivity, Jiang et al. [26] provided an efficient way of shifting the location of heat baths away from edge regions
which resulted in a fast excited vibration relaxation. And Ref. [27] further used a uniform heat source and sink based on heat-
ing and cooling individual atoms which greatly enhanced the relaxation rate.

In this paper, a uniform source-and-sink (USS) scheme is herewith developed to calculate the shear viscosity of a Lennard-
Jones (L]) fluid enlightened by the ideas of Refs. [18,26,27]. This scheme is realized by exchanging momentum component in
the x direction between two atoms from the right and left half systems along the z direction to create a momentum source
and sink. By using periodic boundary conditions and making the source and sink uniformly distributed in the right and left
half systems, respectively, produce periodic poiseuille flows can be produced and the extraction of the shear viscosity is
accomplished by obtaining the left and right mean system velocities.

This paper is organized as follows. In Section 2 the detailed schematic for applying USS to the NEMD simulations of shear
viscosity is described. In Section 3, simulation details are presented. Section 4 is concerned with the discussion of the inner
features and feasibility of this method based on our simulation results. Finally, the article ends with concluding remarks in
Section 5.

2. Theory and methodology

The simulation system is established in the orthogonal coordinates with x, y, z directions. Along one direction, say the
z direction, the simulation box is divided into n (even) slabs. As shown in Fig. 1, an atom is picked out with the largest
positive x component of momentum in slab; in the left half box and then another atom with the largest negative x com-
ponent of momentum in slab; in the right half box. The exchange is performed between the x components of the veloc-
ities of these two atoms every a few time steps. And since the atoms are with the same mass, this velocity component
exchanging process is equivalent to exchanging the momentum in the x direction. Then, by repeating this procedure, a
source and a sink of momentum are produced in the right and left half systems, respectively. The slab; and slab; are al-
ways selected to have minimum exchanged momentum, respectively, in the left and right half boxes. This is realized by
recording the total momentum exchanged of every slab over the past simulation steps. Then in the next step, the slab;
and slab; with the least value of the exchanged momentum are picked out. Then, the momentum densities of these
two slabs will approach those of the others. This treatment ensures that the source and sink will go uniform. The detailed
procedure is drawn in a block diagram shown in Fig. 2. With the application of periodic boundary conditions in all the
three directions, periodic Poiseuille flows can be realized. Fig. 1(a) exhibits the velocity exchange process and Fig. 1(b)
shows the periodic poiseuille flows.
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Fig. 1. Schematic diagrams of (a) the NEMD system applying the USS scheme and (b) the velocity component ¢, profile.
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Therefore, the momentum source and sink density can be given as
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in which m is the mass of an atom, v., v_ are the velocity components of the selected two atoms with positive or negative
movements along the x direction, L, Ly, L, are the box lengths in the x, y, z directions, respectively, and ¢ is the simulation
time. It should be noted that this momentum source and sink density only depends on the exchange interval W, which is
defined as every W time steps a velocity component exchange is performed. Then for steady state and one dimensional flow,
the velocity profile in the z direction is almost sinusoidal and can be expressed as

2 P2
BE+%) -+ ve, (-5<2z<0),

Uy =

(2)

De(z-b B g, (0<z<h),

where 7,0 is the mean velocity component of the entire system and # is the shear viscosity. From Eq. (2) the mean velocity
components of the left and right halves of the system can be obtainedc

N 2 [ P,
Uyt = Uxo — L_z /—LZ/Z UX(Z)dZ = Uxo — 4811 5 (3)
. 2 [k P,L:
Uxg = Uxo + L /0 n(2)dz = vy + a8y (4)

The average velocity component difference between the left and right mean system velocity components, i.e. 7,; and 7z, and
the system mean velocity component g is

(T/xo - 77xL) + (DxR - Z/xO) _ Png

Avx = 2 a8y )
Finally, the shear viscosity is in the form of
P,L2
"= 28A0, (6)

An ideal NEMD method should have some features such as homogeneity, periodic boundary conditions, small tempera-
ture and density gradients, conservation of energy and momentum, fast convergence and Hamiltonian [28]. The RNEMD
method embodies all the features mentioned above except the last one, which is also the case for our USS scheme. The main
difference between USS and RNEMD is that the source and sink in USS are distributed uniformly in the system rather than
localized at the boundaries. This enables a direct extraction of the shear viscosity from the mean velocity components of the
left and right half systems instead of a linear fitting of the velocity profile which seems less reliable when nonlinearity ap-
pears at the boundaries. And this uniformity further results in an improved relaxation in the simulation system. The pertur-
bation imposed on two individual atoms every time through a nonphysical velocity component exchange also maximizes the
relaxation rate.

Of course, this USS scheme can also be applied to the polyatomic molecules. However, exchange of atom velocity com-
ponents would destroy the compliance of velocities with the constraint equations. Actually, the solution is clearly stated
in Ref. [19] by Bordat and Miiller-Plathe: The exchange should occur between the center-of-mass momentum of two mol-
ecules, instead. That is, the center-of-mass momentum should be calculated for all molecules P = ", myv, =V - 3", m, in sla-
b; and slab;. Then the two molecules with the largest positive and negative x component of center-of-mass momentum in the
left and right slabs are picked out, respectively. Subtract V from the velocity v; of every atom; then, exchange V between the
two molecules; finally, add the exchanged V to the atom velocities of every atom. In this way, this USS scheme can be real-
ized. It preserves the total linear momentum and energy without hurting the constraints between atoms.

3. Simulation details

The simulation system is composed of N atoms interacting through a Lennard-Jones pair potential, which is in the form of

o =4](?)" - (©)] "

Here r is the intermolecular distance, ¢ is the molecular diameter and ¢ is the potential well depth. The box is consisted of
orthorhombic cells with periodic boundary conditions applied in three directions. As the momentum flux is imposed in the z
direction, the box is divided into n slabs (in most cases n equals 20, and it will be mentioned when it changes to 40) along
direction z to gather statistics. As the local thermodynamic equilibrium is assumed to hold in a slab, n should not be too large
i.e. containing too little atoms, or too small. To reduce the time-consuming calculations of the inter-particle interactions, a
cutoff distance of r,; = 2.00 and a cell-linked list method [29] is applied in the simulations. A leap-frog Verlet algorithm with
a time step of dt = 0.0057 is used to integrate equations of motion.

A constant-T simulation also known as the canonical ensemble (NVT) with a Nose-Hoover thermostat is used. If the ther-
mostat is applied in all three directions, the Nose-Hoover equations of motion are
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h = pi/m7
pi=Fi —&p;, (8)
E=§ [Th gkt ].

Here index i refers to x, y, z directions, g = 3N, Q = 3NksTt? and 7, = 0.05 is the relaxation time. It should be noted that the
simulation is performed with macroscopic motion in the x direction. Then applying the thermostat in three directions may
not be a reliable solution because the macroscopic velocity of every atom is also rescaled during the process. In the next sec-
tion, this issue is firstly discussed by checking the temperature profiles and the results show that the thermostat should be
applied in only the y, z directions. In this way the equations of motion can still use the form of Eq. (8) with the index i ranging
from 2 to 3 and the parameters g = 2N, Q = 2NkT72. The temperature is calculated by

1 N 3
T= NG ZZm 2, 9)
i=1 j=2
where i is the particle index and a second index j indicates the velocity component which is only selected between the y, z
directions.

In the rest of the paper, the L] reduced units are introduced to exhibit the simulation results indicated by the superscript “x”,
e.g. the temperature T* = Tkg/e, number density p* = pa>, velocity v* = vy/m/e, time t* = t\/¢/m/o = t/7, diameter r* = 1/a,
shear viscosity #* = no?//ém [30], and momentum source and sink density P, = P,(126?)/m. Some parameters like the
box sizes Ly, L, L, total number of atoms N, simulation time and exchange interval W will be altered as their dependences
are discussed.

4. Results and discussion

The state point of p* = 0.8442 and T* = 0.722 near the triple point of L] fluid is simulated because there are a lot benchmark
data in the previous articles for comparison. As our simulations are performed under NVT conditions, how to apply the
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Fig. 3. Temperature profiles when the thermostat is applied (a) in only y and z directions, and (b) in all three directions.
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thermostat may arise as a problem because in the x direction there is macroscopic motion. Usually, the thermostat can be
easily applied in three directions just like the case of an actual experiment. In this way, the macroscopic velocity of every
atom has to be identified and further excluded before the use of thermostat to rescale the velocities each time step. Unfor-
tunately, this doesn’t seem a practical option as the macroscopic velocity in MD simulations often fluctuates greatly. Thus,
the thermostat is instead applied in only two directions, i.e. y and z. In Fig. 3(a) and (b) the temperature profiles with the
thermostat imposed in three and two directions are shown for various exchange intervals W. There are 1000 particles in
the simulation box and leaves Ly:L,:L, = 8.4:8.4:16.8. For each run 15007 (300,000 time steps) is taken for the system to reach
a steady state. And another 15007 is used to gather results. For the case of W = 3 corresponding to the strongest momentum
flux, the temperature profile shows the clearest parabolic shape and the most deviation from the value T* = 0.722. And for the
smaller perturbations, the temperature profile is less clear but with a value very close to 0.722 which indicates a negligible
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viscous heating behavior. It should also be noted when the thermostat is applied in three directions the mean system tem-
perature has a great deviation from the input value at the strongest perturbation. This is due to that the large macroscopic
velocity of every atom is calculated when applying the thermostat and leaves the results incorrect. Then for the rest of the
paper, the thermostat will be applied in two directions, i.e. the y, z directions.

Typical velocity profiles are shown in Fig. 4(a) for three different exchange intervals. The simulation box still contains
1000 atoms. Indeed the uniform exchanging velocity components along with a periodic boundary condition creates an al-
most sinusoidal velocity profile which can be fitted by quadratic functions agreeing with Eq. (2). The momentum source
and sink density distributions are exhibited in Fig. 4(b). It shows an obviously uniform source and sink throughout the sys-
tem. The cumulative time averages for the shear viscosity are shown in Fig. 4(c). Actually, 15007 is used first to obtain a stea-
dy state then the results are calculated from 15007 to 30007. The figure reveals a large fluctuation at first followed by quick
convergence. Seen from the comparison of different exchange intervals, a smaller W i.e. a stronger momentum flux leads to a
larger source and sink densities and also a larger velocity differences.

The selection of exchange interval Wis crucial to obtain reliable results for the present scheme. It is altered from 3 to 1200
to check the dependence of the calculated shear viscosity on W. The system still contains 1000 atoms and the simulation
time is 3000t when W =3 ~ 50, 4000t when W =60~ 100 and 5000t when W =150 ~ 1200. Fig. 5 exhibits our results
and also the data by RNEMD under NVT conditions by Bordat and Miiller-Plathe [19]. The uncertainty of the shear viscosity
is obtained by the statistical error of the shear viscosity fluctuations along with time. Good results are obtained for the W
dependent shear viscosity except for the first and last points. The mean value by these nine points from W=15 to
W =300 is 3.00 and around it the largest interval is only 3%. The least estimated error bar appears at W =3 with a value
of 0.0146 and the largest is at W= 1200 with the value of 0.642. Though the relative uncertainty is not strictly monotonic
against the exchange interval, it still can be told that the signal to noise ratio is poor when W is relatively large, e.g. the case
of the last points where W = 1200. Fig. 6 is the velocity profiles got from the simulations when W= 1200. As it is mentioned
above, the simulation time is 50007. Even with a long simulation time, the significant noise still exists in the velocity profile
making it not precisely parabolic. So the simulation time should be increased for reliable results which will in turn increase
the computation burden. And when the momentum flux is high, e.g. W = 3, the viscous heating behavior exhibited in Fig. 3(a)
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should be taken into consideration. But as the average temperature is still near the value 0.722, the small shear viscosity may
mainly attribute to another effect called shear thinning behavior.

In the calculation of the shear viscosity by NEMD methods, a lot of articles have reported the shear thinning behavior
[13,19,22,31]. Cross [32] and Carreau [33] discussed this issue and put forward the well-known Cross model and Carreau
model separately. These two models describe the empirical relationship between shear viscosity and shear rate based on
the study of complex liquids. Respectively, they are in the form of
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Fig. 7. Linear response relation between the velocity component z, gradient and the momentum flux when exchange interval (a) W= 3, (b) W= 50 and
(c) W=100. Error bars denote the standard error of fitting the velocity component v, profile by a least-squares method.
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Table 1
Shear viscosity obtained from present work and Refs. [1,35] under two temperatures T*= 1.3 and 2.5.
T p* n* n* Ref. [1] n*Ref. [35]
13 0.1 0.149 - 0.142
13 0.2 0.207 0.201 0.198
13 03 0.299 - 0.277
13 0.4 0.398 - 0.390
13 0.5 0.553 0.548 0.606
13 0.6 0.810 0.790 0.861
13 0.7 1.267 1.180 1.232
1.3 0.8 1.987 1.947 1.934
13 0.9 3.382 3.243 3.313
2.5 0.1 0.250 - 0.251
2.5 0.2 0.323 0.299 0.309
2.5 0.3 0.387 0.393 0.400
2.5 04 0.500 0.484 0.487
2.5 0.5 0.655 0.637 0.694
2.5 0.6 0.923 0.854 0.934
2.5 0.7 1.242 1.221 1.213
2.5 0.8 1.671 1.876 1.826
2.5 0.9 2.832 2.667 1.890

where a, b, ¢, m, K, 1o and 7, are material parameters. On the one hand, the shear viscosity is a parameter under low shear
rate; on the other hand, it decreases following the power law with the increase of the relatively high shear rate.

One of the drawbacks of the NEMD method is that the zero-shear viscosity also called the Newtonian viscosity cannot be
obtained directly from simulations. An extrapolation is needed to perform NEMD simulations at very small shear rates which
will greatly prolong the simulation time. So our aim is to get a well proximate shear viscosity by selecting an appropriate
exchange interval W. The linear response theory is accordingly checked to see how the shear thinning acts in our USS scheme
below. According to

. Uy
Bp) =17, (12)

the momentum flux j,(px) is proportional to the gradient of velocity component . For a better viewing of the results, 40
slabs are divided along the z direction with 1000 atoms in the system. Three exchange intervals W= 3, 50, 100 are selected
and the simulation results are shown in Figs. 7(a)-(c). It is quite clear that at the strongest perturbation, i.e. W = 3, the linear
fitting deviates from the data points greatly. As the slope is the shear viscosity, the shear thinning dominates at high shear
rates causing a decrease of the slope. That is the reason for a relatively small value of shear viscosity at high momentum flux.
And for the cases of W =50, 100, the shear thinning disappears and the linear response holds for our scheme quite well. Ref-
erence [31] used the Cross model to test their results and further took shear rate ddiz = 0.01 as the crossover strain rate, be-
cause below this shear rate, the shear viscosity didn’t change and Newtonian behavior could be observed. As the effort is put
to derive the no shear rate dependence viscosity, an appropriate selection of the exchange interval is needed which can make
the largest shear rate of the system below this value. Thus, W =100 is a feasible choice.

For the following studies, the size of the system will be a variable so as to detect the influence of the system size on
shear viscosity. Some EMD results suggested a negligible dependence on the number of particles for the shear viscosity
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Fig. 9. Shear viscosity on the isochors (a) p* = 0.6 and (b) p* = 0.85. @ Ref. [30], ” Ref. [35], ¢ Ref. [1], ¢ Ref. [37].

[30,34]. Our simulations use 500 ~ 8000 particles and the length of the box in the z direction ranges from 8.4 to 134.4.
The exchange interval for N =500, 1000 is 50, 100 for N = 2000, 4000 and 200 for N = 6000, 8000. The time to reach stea-
dy state for the cases of N =500~ 4000 is 1500t and 25007 for N = 6000, 8000. The results are shown in Fig. 8 with the
previous data from Refs. [30,37] included. The mean shear viscosity by these six points is 3.08 and around it the largest
deviation is only 6.6%. The system size effect is very small for our scheme. As the simulation system is extended to a
very large one (N =8000), the corresponding value 3.15 £ 0.04 should be very close to that of the infinite system size.
Reference [30] derived an EMD value of 3.258 + 0.033 and the relative error between these two results is within 10%.
Thus, the drawn conclusion is that this USS scheme can give accurate results with fast convergence and little system
size effect.

Now extensive simulations over a wide range of temperatures and densities are performed to check the validity of the USS
scheme. From the discussions above, selecting 1000 particles can almost neglect the system size effect and letting exchang-
ing interval equal 100 can avoid both the shear thinning and a bad signal to noise ratio. First, two isotherms i.e. T" = 1.3, 2.5
are selected with the number density ranging from 0.1 to 0.9 to derive the number density dependence of the shear viscosity.
The results are shown in Table 1. The results of our USS scheme are followed by the results of Refs. [1,35]. Almost equivalent
values are exhibited for the shear viscosity yielded by the three methods. Then Figs. 9(a) and (b) is under the isochors
p*=0.6, 0.85 with a temperature span of 0.8 ~ 6. Our results are compared with Refs. [1,30,35,36]. For the number density
p* = 0.6 the shear viscosity increases monotonically with temperatures showing a typical behavior of the gas region, while
the isochore of p*=0.85 has the behavior of a liquid region. Also the results by the present scheme are in good agreement
with these previous works.

5. Conclusions

A uniform momentum source-and-sink scheme of nonequilibrium molecular dynamics (NEMD) is developed to calculate
the shear viscosity of fluids. This method is strongly recommended because of several remarkable features: First, this USS
scheme inherits the momentum swap strategy of the famous RNEMD method and thereby shares all the merits of it, such
as homogeneity, periodic boundary conditions, small temperature and density gradients, conservation of energy and
momentum and fast convergence. Second, the source and sink are uniformly distributed in the simulation system and the
unphysical exchange of momentum is only performed onto two individual atoms. Thus the relaxation of the system under
perturbation can be greatly enhanced and the boundary velocity jumps, which often harm many other NEMD methods, can
be eliminated. Third, with periodic boundary conditions quadratic velocity profiles are produced and the shear viscosity can
be derived directly from the mean velocities of the right and left half systems instead of fitting the velocity profiles. Fourth,
the simulation results illustrate a small system size effect of the scheme. The USS method is tested on Lennard-Jones fluids,
and it can give accurate results compared with the reference data.

It should be noted when calculating the shear viscosity the thermostat should be applied in two directions excluding the
one with macroscopic velocity component. The choice of an appropriate exchange interval is a technical problem. An inter-
mediate selection can avoid a poor signal to noise ratio and get reliable results in the Newtonian regime. In the present
scheme, the shear viscosity is the average under various shear rates for our USS method. So it is not a preferred option to
derive a shear viscosity corresponding to one particular shear rate. But by properly selecting the exchange interval, a reliable
prediction of the shear viscosity in the Newtonian regime can be obtained. The USS scheme can also be applied to the sim-
ulation of the viscosity of polyatomic molecules. In this case, the exchange should occur between the center-of-mass
momentum of two molecules. This treatment will preserve the total linear momentum and energy of the whole system with-
out hurting the constraints between atoms.
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