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Abstract The transient heat conduction in both armchair

and zigzag-edged graphene ribbons pulsed by local heating

with a duration of 1 ps was studied using nonequilibrium

molecular dynamics simulations. The results show that the

heat pulse excites two waves which indicates non-Fourier

heat conduction. One of the two waves is a sound wave

(first sound), which has macroscopic momentum and

propagates at the speed of sound. The other is a thermal

wave (second sound), whose propagation speed is 1=
ffiffiffi

3
p

of

the sound velocity. The sound wave excited by the heat

pulse is a longitudinal wave, whose energy is only trans-

ported in the longitudinal direction. The thermal wave

excited by the heat pulse is generated by transverse lattice

vibrations, with the energy only having the transverse

component. The observed anisotropy of the transient heat

conduction suggests that the system is in a non-equilibrium

state during propagation of the heat pulse. Further statis-

tical analyses show that the displacement of the heat pulse

energy is related to the time as hr2i / t1:80, which implies

that heat transport is ballistic-diffusive transport in graph-

ene. The higher proportion of the ballistic transport will

lead to stronger heat waves. At the crest of the thermal

wave, energy is transported ballistically, while in the dif-

fusive region and during attenuation of the thermal wave,

the energy is transported diffusively.

Keywords Graphene � Thermal wave � Ballistic-

diffusive transport � Molecular dynamics simulations

1 Introduction

Graphene is one of the carbon allotropes with perfect

quasi-two-dimensional hexagonal crystalline structures.

Graphene has many potential applications in the fields of

micro-nano-electronics, energy, composite materials and

biology [1–3] because of its extraordinary electrical,

mechanical, optical and thermal properties [4–6]. Espe-

cially, the remarkable stability and the high electrical and

thermal conductivities of graphene could enable the man-

ufacture of individual transistors less than 10 nanometers

across and even entire integrated circuits could be carved

out of a single-layer graphene [1]. Thus, graphene-based

electronics would accelerate the development of the

microelectronics industry. However, as the characteristic

size of electronic devices decreases and the power utili-

zation increases, limited heat dissipation will affect the

reliability and lifetime of electronic devices. Thus,

designers need a better understanding of transient heat

conduction in graphene.

The classical Fourier’s heat conduction law [7] is valid

for most engineering situations even though it assumes that

the thermal disturbance propagates at an infinite speed.

However, for ultrafast heat conduction problems, the con-

duction experiences non-negligible deviations from Fou-

rier’s law, which is the so-called non-Fourier heat

conduction or thermal wave phenomenon [8, 9]. In 1944,

Peshkov [10] first detected thermal waves in superfluid

helium. In recent years, the thermal wave phenomenon was

also observed in metal films and superfluid helium mea-

sured by femtosecond laser thermoreflectance systems or

superconductive temperature sensors [11, 12], which pro-

vides experimental evidence for the existence of thermal

waves. Several thermal wave models have been proposed

[13–17]. Cattaneo et al. [18] and Vernotte et al. [19]
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developed the C-V model by introducing a time-dependent

relaxation term,

qþ s
oq

ot
¼ �krT; ð1Þ

where q is the heat flux vector, k is the thermal

conductivity, T is the temperature and s is the relaxation

time, defined as the finite response time of the heat flux

after imposing a temperature gradient. Substituting Eq. (1)

into the energy conservation equation leads to the speed of

the thermal wave t ¼
ffiffiffiffiffiffiffiffi

D=s
p

¼ tg=
ffiffiffi

3
p

, where D is the

thermal diffusivity, tg is the sound velocity which is the

phonon group velocity of dielectric solids. Thus, the

propagation speed of thermal waves is 1=
ffiffiffi

3
p

of the sound

velocity. The thermal wave phenomenon is also known as

the second sound. Although the C-V model is more general

than Fourier’s model, it can result in the physically

impossible phenomenon of negative temperatures due to

thermal wave superposition [20, 21]. Hu et al. [21] and Guo

et al. [22–25] proposed the thermomass model by analogy

to Einstein’s mass-energy relation where the heat

conduction process is analogous to the motion of the

‘‘thermomass’’. The thermomass model is expressed as

qþ sTM

oq

ot
� sTM

q

T

oT

ot
þ sTM

q

qcvT
r � q

� sTM

q

qcvT

q

T
� rT ¼ �krT ;

ð2Þ

where sTM ¼ k=ð2cqc2
vTÞ is the characteristic time of the

thermomass, c is the Grüneisen constant, q is the mass

density and cv is the specific heat capacity at constant

volume. When the thermomass inertia can be neglected,

Eq. (2) reduces to Fourier’s model. However, in extreme

cases, the characteristic time of the thermal disturbance is

close to the relaxation time of the medium and the inertia

can not be ignored, so the heat conduction process vio-

lates Fourier’s law. For graphene, previous studies have

shown that the relaxation time is one order of magnitude

higher than for ordinary materials, about 20 ps at room

temperature [26]. In addition, the phonon mean free path

in graphene extracted from experiments by Ghosh et al.

[27] is about 775 nm. Hence, the thermal wave phe-

nomenon is likely to appear in graphene with ultrafast

heating.

Carbon nanotubes, a one-dimensional carbon allotrope, is

similar to graphene in both structure and thermal properties.

Anomalous heat conduction phenomena in carbon nanotubes

have been reported and attracted much attention. Osman et al.

[28] investigated the transient heat conduction of (10,0), (7,0)

and (5,5) carbon nanotubes at low temperatures using

molecular dynamics (MD) simulations and found that three

wave packets generated by the heat pulse were corresponded

to longitudinal acoustic (LA) phonons, twisting phonons

(TW) and the second sound. Shiomi et al. [29] performed MD

simulations of thermally perturbed carbon nanotubes and

observed non-Fourier heat conduction with heat transport in a

wavelike form. Further modelling analyses revealed that the

long-wavelength acoustic phonons behave ballistically and

that the optical phonons contribute significantly to the heat

conduction. Chen et al. [30] simulated heat pulse propagation

in double-walled carbon nanotubes and analyzed the thermal

coupling between the two layers. Although many investiga-

tions have analyzed the thermal properties and lattice

dynamic characteristics of graphene [31, 32], there are still no

published reports on transient non-Fourier heat conduction.

Thus, the current work presents a study of thermal pertur-

bation propagation in submicron-scale graphene using non-

equilibrium MD simulations to investigate the transient heat

conduction in graphene.

2 Molecular dynamics simulations

This study used nonequilibrium molecular dynamics (NEMD)

to simulate transient heat conduction in armchair and zigzag-

edged graphene. The simulation system shown in Fig. 1 had

periodic boundary conditions in the x and y directions. The

system was 99.77 nm long and 2.16 nm wide for the armchair

graphene and 108 nm long and 1.99 nm wide for the zigzag

graphene. Both systems had 8,000 carbon atoms and bond

lengths of 1.44 Å. The potential energy between carbon atoms

was modeled by the Brenner potential [33],

Eb ¼
X

i

X

jð[ iÞ
VR rij

� �

� bijVA rij

� �� �

; ð3Þ

where Eb denotes the total potential energy, VR and VA are

the repulsive and attractive potential terms and bij

represents the many-body coupling. The leap-frog

scheme was used to integrate the atomic motion with a

fixed time step of 0.5 fs. The system was divided into 200

equal slabs in the x direction with the six slabs in the

middle defined as the heat pulse region as shown by the

shaded area in Fig. 1. The local instantaneous temperature

for each slab was defined through the averaged kinetic

energy according to the energy equipartition theorem,

TMD tð Þ ¼ m

3NkB

X

N

i¼1

½vi
x tð Þ2þvi

y tð Þ2þvi
z tð Þ2�; ð4Þ

in which m is the atomic mass of carbon, N is the number

of atoms per slab, kB is the Boltzmann constant, and

vi
x; vi

y; vi
z are the velocities of each atom in the x, y and

z directions. If the system is in a non-equilibrium state or

has macroscopic momentum, TMD (t) is the averaged

kinetic energy, not the local temperature. However, for

convenience, Eq. (4) is still used as the temperature here.
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The system was initially brought to an equilibrium state at

the 0.5 ns, while the temperature was kept at 50 K using a

Nosé-Hoover thermostat. As shown in Fig. 1, a heat pulse

was then imposed in the heat pulse region which had a width

of 2.99 nm. The applied heat pulse increased the local tem-

perature from 50 K up to 1,000 K with the temperature kept

at 1,000 K for 0.5 ps before the temperature was reduced

back to the initial value with a linear variation with time as:

TP ¼
1000; 0� t\0:5 ðpsÞ;
�1900t þ 1950; 0:5� t� 1:0 ðpsÞ;

�

ð5Þ

in which TP is the heat pulse temperature. The velocity

scaling method [34] was used to impose the heat pulse.

Specifically, the instantaneous temperature was set to the

selected temperature by multiplying the atomic velocity by

a factor of TP=Tð Þ1=2
. In this paper, the moment when the

heat pulse is first applied is set as the initial time. After

removing the heat pulse at 1 ps, the system evolved as an

adiabatic system. The time duration of the heat pulse (1 ps)

is far shorter than the relaxation time of graphene (20 ps)

[26] so that the thermal wave phenomenon could be

observed. The statistical fluctuations in the results were

suppressed by using 20 cases with randomly changed initial

configurations. Then, the temporal and spatial profiles of

the temperature and momentum were calculated by taking

ensemble avarages of the data from the 20 simulations. In

addition, since the system is symmetrical in the x direction,

the analyses only considered the region of 0\x\50 nm.

3 Results and discussion

3.1 Thermal conductivity of graphene

To confirm the reliability of the simulation methods and the

suitability of Brenner potential, the thermal conductivity of

the graphene (widths of 4.32 and 2.16 nm) was predicted

by the NEMD methods [35–38] with the results shown in

Fig. 2. Periodic boundary conditions (PBC) are utilized in

the x and y directions. The width had little influence on the

thermal conductivity since the periodic boundary condi-

tions eliminate the boundary scattering along the width

direction. However, at the same width, the system is

greatly affected by its length. For instance, when the length

of the 4.32 nm wide graphene was increased from 6.24 to

43.63 nm, its thermal conductivity increases from 69.80 to

535.71 W/(m K). Figure 2 also shows that these results

agree well with the MD results of Guo et al. [39] and Wei

et al. [40] which used periodic boundary conditions along

the width direction as well. The increase in the thermal

conductivity of graphene with its length reflects the strong

dependence of the phonon mean free path on the system

size. The Matthiessen rule gives how the mean free path K
changes with the characteristic length L,

1

K
¼ 1

Ku

þ 1

L
; ð6Þ

in which Ku is the Umklapp scattering mean free path. The

Matthiessen rule and the phonon dynamics equation

k ¼ 1
3

cvvgK were used in a curve fit to calculate the

Umklapp scattering mean free path Ku = 308 nm and the

bulk conductivity k = 3082 W/(m K). The both conduc-

tivity agrees well with the experimental results of 2600 –

3100 W/(m K) by Chen et al. [41]. Thus, the Brenner

potential and the present simulation methods are appro-

priate for graphene.

3.2 Temperature profile

The temperature profiles shown in Figs. 3a and b show the

heat pulse propagation in the armchair and zigzag graphene.

As shown by the isotherm contours, the results are quite

Fig. 1 Schematic of the simulation system. Atomic structure of a armchair graphene and b zigzag graphene

Chin. Sci. Bull. (2014) 59(27):3495–3503 3497

123



different from the usual exponential temperature distribution

predicted by Fourier’s law. In both Figs. 3a and b, the ther-

mal perturbation applied at the heat pulse region excites two

temperature (energy) peaks that travel towards the two

boundaries. These two waves propagate at different speeds

with the first wave being faster than that the second one. With

the first wave, the wavefront temperature remains at the

initial temperature and energy is almost conserved. For the

second wave, the wavefront temperature is higher than 50 K

and the peak temperature decreases with time due to local

energy attenuation around the peak. Section 3.3 will show

that the first wave is actually a sound wave, which is a

mechanical wave formed by thermal expansion of the sys-

tem. The second wave is a thermal wave excited by random

lattice vibrations. In addition to these two waves, the energy

also diffuses as visualized by the high temperature zone close

to the coordinate. Hence, part of the thermal perturbation

energy is transported diffusively and the rest is transported

by the waves. Comparing Fig. 3a and b shows the only dif-

ference to be that the zigzag graphene has a higher peak

temperature, which indicates that the edge chirality of the

zigzag leads to a more obvious heat wave phenomenon with

the same heat pulse. Thus, the qualitative analysis of the

armchair graphene in this paper applies to the zigzag

graphene as well.

Lattice dynamics theory shows that there are three

acoustic phonon branches together with three optical pho-

non branches in graphene, with the longitudinal phonon

mode, transverse phonon mode and twisting phonon mode

at low and high frequencies [42]. Figures 4a–c give profiles

of the temperature components in the x, y and z directions

which contribute to the heat conduction. Figures 3a and

4a–c show that the thermal perturbation propagation in

Fig. 3a is the superposition of the heats of the temperature

profiles seen in Figs. 4a–c. The significant differences in

the propagation in the three directions is also seen with a

sound wave but no thermal wave in the longitudinal

component shown in Fig. 4a, a thermal wave but no sound

wave in the transverse component shown in Fig. 4b, and

neither a sound wave nor a thermal wave in the normal

component shown in Fig. 4c. Besides, the diffusive zones

are most significant in the longitudinal and normal com-

ponents. Consequently, the sound wave generated by the

heat pulse is a longitudinal wave which only transports in

the longitudinal direction. While the thermal wave is

generated by the transverse lattice vibrations and its energy

has only a transverse component. This observed anisotropy

of the heat conduction reflects the anisotropy of the

graphene structure. The simulations by Shiomi et al. [29]

also showed the anisotropy of the heat conduction in car-

bon nanotubes where the thermal wave was the superpo-

sition of the longitudinal and radial lattice vibrations.

Theoretical calculations by Jiang et al. [43] and MD sim-

ulations by Hu et al. [44] indicated that the zigzag-edged

Fig. 3 Temperature profiles of a armchair graphene and b zigzag graphene

Fig. 2 (Color online) Thermal conductivity of various lengths of

graphene
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graphene has a larger thermal conductivity than the arm-

chair-edged graphene which also shows that the heat con-

duction in graphene is anisotropic. Hu et al. [44] speculated

this dependence of the phonon group velocity on the

direction gives rise to the difference between the thermal

conductivities of armchair and zigzag graphene. Similarly,

this can be understood as the transverse lattices vibrations,

which are perpendicular to the direction of the vibration

propagation, having a larger possibility of developing the

thermal wave than the other vibrations. Thus, the sound

wave generated by the heat pulse is a longitudinal wave

and the thermal wave is a transverse wave. The transverse

phonons play a major role in the thermal wave, while the

longitudinal and twisting phonons play significant roles in

the diffusive zone. Note that the simulation system is in a

non-equilibrium state during the heat pulse propagation.

3.3 Sound wave and thermal wave excited by a heat

pulse

Figure 5 presents the temporal temperature (energy) profile

in armchair graphene. The solid and dashed lines denote the

propagation process of the first and second waves as shown

in Fig. 3a. The propagation speed of each wave calculated

from the spatial propagation distance over a given time

interval was 14.3 and 9.25 km/s. The theoretical sound

velocity in a solid is vg ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hY
3ð1�2lÞq

q

, where q is the density

with the surface density of graphene being 0.76 mg/m2 for

these conditions. Jiang et al. [45] simulated the Young’s

modulus of graphene with the Brenner potential. The Pos-

sion ratio l = 0.17, the thickness of the one atom thick

graphene sheet as h = 3.35 Å and Young’s modulus of

graphene as Y = 0.95 TPa [45]. With above parameters,

give the sound velocity as 14.74 km/s. Therefore, the speed

of the first wave calculated from the simulation is very close

to the theoretical sound velocity of graphene.

The mechanical and thermal energies can be distin-

guished based on the local macroscopic momentum for the

three degrees of freedom:

PjðtÞ ¼
m

N

X

N

i

vi
jðtÞ; j ¼ x; y; z: ð7Þ

Here, i represents the number of atoms in each slab. The

momentum profile of armchair graphene is shown in Fig. 6

at t = 3 ps. For x of 0–45 nm, the momentum in the

x direction is nonzero. Comparison with Fig. 3 shows that

the traveling distance of the thermal perturbation at 3 ps is

45 nm. Therefore, all the slabs influenced by the thermal

perturbation have a macroscopic velocity in the x direction.

The momentum for 0\x\30 nm is opposite to that for

Fig. 4 Temperature profiles in armchair graphene a longitudinal component, b transverse component, c normal component

Fig. 5 Temperature profiles of armchair graphene at different times
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30\x\45 nm, which agrees with the characteristics of the

longitudinal dilatational wave. In addition, the local

momentum in the y direction increases around 28 nm,

which is the location of the second wave at 3 ps as shown

in Fig. 3a. For the other degrees of freedom and the other

regions, the deviation of the local momentum from zero is

within the range of the equilibrium fluctuations, so these

only reflect the random vibrations of the atoms around this

equilibrium position.

Thus, these results show that the first wave is related to

the thermal expansion of the system. When the heat pulse is

applied, the macroscopic momentum and stress field auto-

matically change. Thus, the kinetic temperature defined by

Eq. (4) can not represent the thermal energy of random

motions, so the definition loses its validity [46]. To analyze

the heat conduction in graphene, the kinetic temperature is

redefine by excluding the local momentum in each slab as

T tð Þ ¼ m

3NkB

X

N

i¼1

vi
x tð Þ � Px tð Þ

m

� 	2

þ vi
y tð Þ � Py tð Þ

m

� 	2
(

þ vi
z tð Þ � Pz tð Þ

m

� 	2
)

: ð8Þ

The spatiotemporal profile of the real temperature

calculated using Eq. (8) is shown in Fig. 7. Since the first

wave seen in Fig. 3 is no longer appeared in Fig. 7, the local

momentum is the only reason for the formation of this wave.

This phenomenon is in good agreement with the simulation

results in solid argon reported by Volz et al. [47]. In the solid

argon, the first wave excited by the thermal perturbation

disappears when the local mean velocity is removed from

the calculation with global displacement observed when the

wave crosses the system. Thus, the first wave in graphene is a

longitudinal elastic wave formed by the thermal expansion,

so it is just a sound wave. The propagation speed of the first

wave is then equal to the sound velocity.

The comparison of the temperatures with and without

the momentum also indicates the attenuation of the second

wave. The speed of the second wave remains constant at

9.25 km/s which the ratio of the first wave velocity to the

second wave velocity is 1.56, which agrees well with the

theoretical value of
ffiffiffi

3
p

deduced from the C-V model. This

also confirms that the second wave is a thermal wave.

Wang et al. [48] indicated that a heat diffusive wave may

also form in a system heated by a ultra-short pulsed laser.

The propagation speed of the heat diffusive wave is

tD ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffi

pD=sP

p

, where sP is the period of the boundary

temperature oscillations which is the duration of the heat

pulse used in this study. Unlike the thermal wave velocity,

the speed of the heat diffusive wave depends not only on

the medium properties, but also on the duration of the heat

pulse. Therefore, the duration of the heat pulse was chan-

ged from 1 to 0.5 ps with the simulation repeated with the

same initial parameters to examine how the wave velocity

changed. The results in Fig. 8 show that the second wave

velocity calculated from the temperature profile is

8.75 km/s, which differs from the heat diffusive wave

velocity of 13.08 km/s but conforms well to the thermal

wave velocity. Thus, the second wave is a thermal wave

but not a heat diffusive wave. The temperature fluctuations

due to this thermal wave change the local stresses. Do the

peak temperature in the thermal wave decreases when the

local momentum is removed.

3.4 Physical mechanism for thermal waves

The method proposed by Li et al. [49–51] can describe the

underlying physical mechanism for the transient heat

Fig. 6 (Color online) Momentum profiles of armchair graphene in

the x, y and z directions at 3 ps
Fig. 7 Spatiotemporal profile of the real temperature in armchair

graphene
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conduction for a one-dimensional equilibrium system. The

square of the displacement of the heat pulse energy, the

most important parameter in this method, is:

r2 tð Þ ¼
R

E x; tð Þ � E0ð Þ x� x0ð Þ2dx
R

E x; tð Þ � E0ð Þdx
; ð9Þ

where E x; tð Þ ¼
P

1
2

miv
2
i denotes the kinetic energy of the

atoms at position x and time t, E0 is the initial kinetic

energy in the equilibrium state and x0 is the initial position

of the heat pulse. For normal diffusion, the phonons excited

by the heat pulse travel in all directions and they are me-

moryless owing to the phonon scattering. Thus, the heat

diffusion can be regarded as random walks of the phonons,

where the square of the displacement of the heat pulse

away from the starting point,
R

x� x0ð Þ2dx, is proportional

to the time t. With ballistic transport, the phonons travel

without scattering and the square of the distance,
R

x� x0ð Þ2dx, will be proportional to t2. Thus, the heat

transport regime can be identified from the exponent on the

time by fitting the average displacement, r2

 �

, and the time

t. If the exponent is 1, that is r2

 �

/ t, the heat is trans-

ported diffusively. If the exponent is 2, that is r2

 �

/ t2,

the heat is transported ballistically. If r2

 �

/ t2 with

1\a\2, then heat is transported in the ballistic-diffusive

regime.

The simulation results in this paper were analyzed to

find r2

 �

by substituting the modified kinetic energy,

which excludes the local momentum, into Eq. (9). Figure 9

shows r2

 �

versus t in log-log coordinates with the slope of

the curve fit gives the exponents of a = 1.77 for armchair

graphene and a = 1.81 for zigzag graphene, which implies

that heat is transported in the ballistic-diffusive regime in

graphene. At the crest of the thermal wave, the energy is

transported ballistically at constant speed. In the diffusive

region and the attenuation region of the thermal wave, the

energy is transported diffusively. In addition, zigzag

graphene has more ballistic transport than armchair

graphene. Combining this with Fig. 3a and b leads to the

conclusion that the higher proportion of ballistic transport

in zigzag graphene leads to stronger heat waves, which

agrees with the conclusion in Hua et al. [52].

4 Conclusions

The transient heat conduction was studied in armchair and

zigzag-edged graphene ribbons pulsed by a 1 ps local heat

pulse using nonequilibrium molecular dynamics simula-

tions. The results show that:

(1) The heat pulse excites two waves that travel at

different propagation speeds in both armchair and

zigzag graphene. The first wave is a sound wave,

which has the local macroscopic momentum and

propagates at the speed of sound. Essentially, it is a

longitudinal mechanical wave generated by the ther-

mal expansion of the system. The second wave is a

thermal wave, whose propagation speed is 1=
ffiffiffi

3
p

of

the sound velocity. This is actually a temperature

wave generated by random lattice vibrations. Also,

the speed of the second wave does not change with

the duration of the heat pulse. The sound wave

transports with little attenuation, while the peak

temperature of the thermal wave quickly decays.

Fig. 8 Temperature profiles in armchair graphene with imposed heat

pulse with a duration of 0.5 ps

Fig. 9 (Color online) r2 versus the time
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(2) The sound wave generated by the heat pulse is a

longitudinal wave whose energy is only transported in

the longitudinal direction. The thermal wave is

generated by transverse lattice vibrations with the

energy having only a transverse component. The

observed anisotropy suggests that the system is in a

non-equilibrium state during propagation of the heat

pulse.

(3) Further statistics show that the heat pulse energy

displacement is related to the time by r2

 �

/ t1:77 for

armchair graphene and r2

 �

/ t1:81 for zigzag graph-

ene, which implies that the heat is transported in the

ballistic-diffusive regime in graphene. The higher

proportion of ballistic transport in zigzag graphene

will lead to stronger heat waves. At the crest of the

thermal wave, the energy is transported ballistically,

while in the diffusive region and in the attenuation

region of the thermal wave, the energy is transported

diffusively.
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