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This work employs non-equilibrium molecular dynamics (NEMD) simulations to examine the applicabil-
ity of four kinds of interatomic potential models: the Tersoff, the REBO, the opt-Tersoff and the AIREBO,
which are widely used to model the thermal transport in single- and multi-layer graphene, as well as gra-
phite crystallites. Thermal conductivities of �17 � 5 nm2 and �50 � 5 nm2 graphene are calculated in the
temperature range of 200�500 K with the four potentials and quantum correction is applied due to an
extremely high Debye temperature of about 2100 K for graphene. The predicted thermal conductivities
are compared with experimental data and phonon spectrum functions are calculated to quantify the
degree of phonon scattering. The results show that two original potentials, the Tersoff and the REBO,
as well as the AIREBO significantly underestimate thermal conductivities of single-layer graphene but
they can qualitatively describe the trend of thermal conductivities with temperature. The opt-Tersoff
is found to be the most suitable potential for modeling the thermal conductivity of both single- and
multi-layer graphene because it predicts a larger frequency range and a larger frequency value for the
high frequency peak, while appropriately capturing phonon scattering in thicker multi-layer graphene
when Lennard-Jones term is added into the opt-Tersoff to describe interlayer atomic interactions.

� 2016 Elsevier Ltd. All rights reserved.
1. Introduction

Carbon/carbon composites, or carbon fiber reinforced carbon
composites, have been extensively utilized in aerospace and mili-
tary applications [1], such as fins of ballistic missiles [2], nose
cones and wing edges on aerospace vehicles [3], and rocket compo-
nents [4]. The range of its civilian applications is also expanded
recently, such as heat sinks, turbine rotors, and high-temperature
engine [5], where the extremely high thermal conductivity, low
coefficient of thermal expansion, and good mechanical strength
are advantageous factors. For instance, a thermal conductivity of
�800Wm�1 K�1 at �300 K [6] can be offered, which can also
maintain the magnitude in high temperature environment
(�2000 K). The excellent thermophysical properties are highly
related to microstructural features of materials, especially orienta-
tions and arrangements of graphite crystallites in carbon/carbon
composites [7].

Graphite crystallites are typical nano-structures in carbon/car-
bon composites. As shown in Fig. 1(a), carbon layers are character-
ized by parallel lines and several parallel carbon layers form a
graphene-like micro-crystallite (Fig. 1(b)). Every carbon layer can
be regarded to be a single-layer graphene which is composed of
periodical lattices of hexagonally arranged carbon atoms [1]. Yuan
et al. [6] have verified that the sheet size and the number of layers
significantly affect the thermal conductivities of graphite crystal-
lites, and hence the thermal conductivity of carbon/carbon com-
posites increases from �40 to �860 Wm�1 K�1 since the average
crystal coherence length La increases from 8 nm to 78 nm.

The measurement of thermal conductivity for the single-layer
and the multi-layer graphene is very challenging due to their
atom-scale thickness. Several experimental studies [8–12] have
been carried out to measure the thermal conductivity of graphene,
but the measured values strongly depend on sample quality, sam-
ple size, and experimental strategy. Especially, for Raman tech-
niques, improper laser absorption rate will affect the accuracy of
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Fig. 1. (a) Schematic of graphite crystallites in C/C composites [7]; and (b) SEM
image of graphite crystallite.
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thermal conductivity. Consequently, modeling and simulation
have been become an important tool for the understanding of their
thermal properties, including Molecular dynamics (MD) simula-
tions [13–28], non-equilibrium Green’s functions (NEGF) simula-
tions [29–32], and Boltzmann transport equation (BTE)
simulations [33–36]. MD simulation is a classical technique which
overestimates the specific heat below the Debye temperature
(�2100 K for graphene [37]) since quantum effects are neglected
in MD studies, and has some discrepancy with BTE studies in pre-
diction of thermal conductivity [38]. BTE method has the advan-
tage of studying large system, but the phonon-dispersion curve is
needed in advance, which limits its applications. There are many
situations where the phonon-dispersion curve is hardly to obtain,
especially the graphene in these studies are not ideal or suspended.
Moreover, the n-phonon process for n>3 has to be ignored in BTE
method, which may cause system errors when predicting thermal
conductivities of graphene. NEGF can be another way to study the
same effects on the thermal properties. However, NEGF approach is
difficult to implement when the anharmonic interactions is
involved [39]. Unfortunately, the effects of anharmonic interac-
tions are important to thermal properties of a nanomaterial. Thus,
MD simulations have been extensively used to analyze the effects
of atomistic changes on the thermal properties of a nanomaterial,
since the n-phonon process and anharmonic interaction can be
involved.

Technically, MD simulations employ atomic interactions as a
force field and atomic motions can be followed by solving classic
Newtonian equations, which have been widely used to reveal
properties of molecular materials. Recently, MD simulations were
used to investigate the thermal transport in graphene and gra-
phene nano-ribbon [16–28]. As listed in Table 1, non-equilibrium
molecular dynamics (NEMD) is commonly used, since the thermal
conductivity of materials can be directly calculated by Fourier’s
law. It is worth noting that NEMD simulations have provided ato-
mistic insights into graphene heat flow, as well as novel routes for
tailoring the thermal properties of nanostructured graphene mate-
rials [38].

MD simulations require interatomic potentials that properly
account for interactions between atoms. For the graphene-related
materials such as multi-layer graphene and graphite crystallite,
intralayer and interlayer interactions both play decisive roles in
predicting their thermal conductivity. For single-layer graphene,
several different potential models were employed in the previous
works [16–26], as shown in Table 1. Among these models, The Ter-
soff [40–42] is a traditional potential developed for modeling the
energetics of covalent systems with classical inter-atomic poten-
tials. Reactive empirical bond order (REBO) potential [43] is the
Tersoff type potential developed for simulating the chemical vapor
deposition of diamond. The Tersoff and the REBO potentials have
been used to predict the thermal conductivity of single-layer
[16,23] and multi-layer [27,28] graphene materials. The two mod-
els are both empirical interatomic potentials; however, their
potential parameters were not fitted from graphene-related mate-
rials. Later, an optimized model referred to as the opt-Tersoff was
developed by Lindsay and Broido [44] based on the Tersoff poten-
tial, which was aimed at modeling thermal transport in graphene
and carbon nano-tube. Stuart et al. [45] extended the REBO poten-
tial to the adaptive intermolecular form (AIREBO) for modeling
intermolecular interactions and chemical reactions in condensed-
phase hydrocarbon systems such as graphite, hydrocarbons, and
polymers. It is surprising that, although the improved potentials
have been developed, the two original forms are still used to model
the thermal conductivity of graphene-related materials [23,27].
This indicates that the choice of potentials is somewhat arbitrary
up to now; therefore, a comprehensive comparative study of the
four potentials is necessary to clarify the potential applicability
in prediction of thermal conductivity for the single-layer graphene.

For multi-layer graphene, the interlayer bonding force is
defined by van der Waals interaction. The Tersoff, the REBO, and
the opt-Tersoff potentials can only describe intralayer atomic
force; thus an extra potential, often Lennard-Jones (L-J) potential,
needs to be introduced to describe interlayer interactions when
calculating thermal conductivity of multi-layer graphene by the
three potentials. On the other hand, for the AIREBO potential,
non-bonded interactions term and dihedral-angle interactions
term have been added to the REBO potential. Therefore, the AIREBO
potential can describe both interlayer van der Waals interaction
and intralayer atomic force. A very recent experimental measure-
ment [46] demonstrated that thermal conductivity of the multi-
layer graphene shows significantly decreasing trends with an
increase in the number of layers. Thus, for the calculation of ther-
mal conductivity of multi-layer graphene, it is still needed to assess
which potential can capture this observation.

In this work, the commonly used Tersoff and REBO potentials
and their optimized forms (the opt-Tersoff and the AIREBO) are
tested in the NEMD simulations. The predicted thermal conductiv-
ities are compared with the experimental data. The focus of this
work is to provide a guideline for choosing appropriate interatomic
potential when the thermal properties of single- and/or multi-layer
graphene are evaluated by molecular dynamics simulations, and
MD simulations is an appropriate method to study the applicabil-
ities as the phonon scattering dominates the thermal transport of
graphene and the effects of layer numbers can be effectively incor-
porated in MD simulations.



Table 1
Investigations of thermal transport in graphene.

Type References and
years

Thermal conductivity at 300 K
(Wm�1 K�1)

Typical size Potential model Methodology

Single-layer
graphene

[16] (2009) �1300 1.5 � 5.7 nm2 The REBO NEMD
[17] (2011) �2900 2.4 � 2.5 nm2 The optimized REBO EMD
[18] (2011) 77.3 10.2 � 10.2 nm2 The AIREBO NEMD
[19] (2012) 53.6 2.2 � 10.2 nm2 The AIREBO NEMD
[20] (2012) 400�1600 5.2 � (45�2280) nm2 The optimized

Tersoff
NEMD

[21] (2012) 78 2.13 � 10.5 nm2 The AIREBO NEMD
[22] (2012) 3200�5200 (9�27) � (4�18) nm2 The AIREBO EMD
[23] (2013) 370�580 10.4 � (100�650) nm2 The Tersoff NEMD
[24] (2014) 400�1800 5 � (0.2�15) nm2 The optimized

Tersoff
NEMD

[25] (2015) 910�1655 (10�300) � 5.2 nm2 The optimized
Tersoff

NEMD

[26] (2016) 128.4 11.9 � 18.2 nm2 The REBO NEMD
Multi-layer

graphene
[27] (2011) 580�880 5 � (7.5�20) nm2 � (1�5) Layers The Tersoff + LJ NEMD
[28] (2012) 200�1100 (1�10) � (10�20) nm2 � (1�5)

Layers
The Tersoff + LJ NEMD

Table 2
Lattice constant and original sizes of graphene simulated in this work.

Data source Lattice constant
(Å)

L �W (nm2) L �W (nm2)

Experiment [53] 2.4599 16.894 � 4.795 50.682 � 4.795
The REBO [43] 2.460 16.901 � 4.797 50.703 � 4.797
The AIREBO [45] 2.460 16.901 � 4.797 50.703 � 4.797
The Tersoff [40–42] 2.530 17.374 � 4.937 52.122 � 4.937
The opt-Tersoff

[44]
2.492 17.118 � 4.861 51.354 � 4.861
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2. Methodology

NEMD simulations are employed to study thermal transport
behaviors of single- or multi-layer graphene sheets. The sheets
have width of W, thickness of H = nh, and length of L, where n is
the number of layer and h=3.4 Å is the interlayer distance of gra-
phene. A one-dimensional heat flux is applied to the sheets along
their length direction (x-direction), as shown in Fig. 2. The heat
source and heat sink are located at hot side and cold side, respec-
tively. Hence, the thermal conductivity is estimated based on Four-
ier’s law

Jx ¼ �k
@T
@x

ð1Þ

where Jx is the heat flux, k is the thermal conductivity, @T
@x is the tem-

perature gradient in the x-direction. The lattice constant and origi-
nal dimensions of the graphene sheets used in this work are listed
in Table 2.

In this work, the REBO, the AIREBO, the Tersoff, and the opt-
Tersoff potentials are used to model the intralayer interactions.
Detail formulas and parameters are presented in the APPENDIX.
The used parameters for the REBO, the AIREBO, the Tersoff, and
the opt-Tersoff come from Ref. [43], Ref. [45], Refs. [40–42], and
Ref. [44], respectively. The thermal conductivity in armchair direc-
tion is considered. A constant heat flux is specified to the graphene
along the x-direction, so that the temperature gradient can be mea-
sured after heat transfer reaches steady state. The atoms at both
x
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Fig. 2. Schematic of multi-layer graphene employed in this work.
ends of the graphene sheet are kept fixed and the two near-end
portions with the same width of d = 10.6 Å are treated as hot and
cold regions, as shown in Fig. 2. The boundary condition is non-
periodic and shrink-wrapped (S boundary condition, SBC) at the
width edges, while the periodic boundary condition (PBC) is spec-
ified to the length edges. LAMMPS package (http://lammps.san-
dia.gov/) [47] is used to perform all the MD simulations in this
work. The time step is set as 1 fs. Simulations are firstly carried
out in NVE ensemble for 100 ps which is long enough to reach an
initial equilibrium for the system. The temperature at the equilib-
rium state is referred to as TMD. The aggregate heat energy of
4 eV ps�1 is subsequently added/removed into/from the atoms in
the hot/cold region. In fact, the addition/removal of energy is
implemented by changing the velocities of the atoms in the hot/-
cold region, that is, the velocity of atom i is modified as [20]

v i;new ¼ v i;old 1� DQi
1
2

X
i

mðv2
i;old � v2

GÞ

0
BB@

1
CCA ð2Þ

whereDQi is the amount of heat added/removed for atom i, vG is the
velocity of the center of mass. Our simulations show that it takes
2000 ps to reach a very good linear temperature profile in the gra-
phene sheets simulated; thus, Fourier’s law can be used to calculate
thermal conductivities. The temperature profile is obtained by sta-
tistically sampling the average temperature in every 10 Å bin inter-
val along x-direction. To eliminate the systematic error, the thermal
conductivity is averaged every 100 ps from 2000 ps to 3000 ps for
each case. Fig. 3 shows a typical temperature profile of a single-
layer graphene sheet modeled by the AIREBO potential. The linear-
ity is good enough for calculating the thermal conductivity.

In this work, TMD ranges from 200 to 500 K. Since the tempera-
ture is much lower than the Debye temperature of graphene
(2100 K) [37], quantum correction needs to be introduced to

http://lammps.sandia.gov/
http://lammps.sandia.gov/
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Fig. 3. A typical steady state temperature profile for a �17 nm long graphene
predicted by the AIREBO potential.
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account for the quantum effect of electron. The corrected thermal
conductivity kcor can be expressed as [20,48]

kcor ¼ � Jx
dT=dx

¼ � Jx
ðdTQ=dTMDÞðdTMD=dxÞ ¼

dTMD

dTQ

� �
k ð3Þ

where TQ is the quantum temperature. Eq. (3) indicates that the dif-
ference between classical and quantum definitions of temperature
can be considered by multiplying the thermal conductivity in Four-
ier’s law by the factor dTMD/dTQ. The values of dTMD/dTQ can be
found in Ref. [48].

To quantify the phonon spectrum in the graphene, the total
phonon spectrum function G(x) needs to be calculated based on
Fourier transform of the velocity auto-correlation function (VACF)
[49]

GðxÞ ¼ 1ffiffiffiffiffiffiffi
2p

p
Z tmax

0
eixt

XN
j¼1

v jðtÞv jð0Þ
* +

dt ð4Þ

where vj(t) is the velocity of the jth particle at time t,x is the vibra-
tional wave number, and tmax is the sampling time of the correlation
function. G(x) indicates the amount of energy in vibrations at each
frequency. Moreover, Gz(x) is defined as the z projection of G(x),
which is the total power spectrum confined to ZA + ZO modes when
the coordinate system is set as Fig. 2. Since the temperature gradi-
ent is set along x-direction for all simulated graphene, Gz(x) can
quantify most of the vibration energy transfer [49].

To reveal the phonon dispersions curves for the various poten-
tial models, the spectral energy density (SED) method developed
by SED McGaughey’s group [50] is utilized. The spectral energy
density formula U can be expressed as function of the wave-
vector in the bth direction qb and the frequency x, or

Uðqb;xÞ ¼ 1
4ps0l

X
a;b

mb

Z s0

0

X
l

_uaðl; bÞ exp iqb � rðl;0Þ � ixt
� �

dt

�����
�����
2

ð5Þ
where mb is the mass of atom b, l is the total number of primitive
cell, s0 is the SED calculation time, _uaðl; bÞ is the velocities of atom
b in the a direction inside the lth cell, r(l, 0) is the equilibrium posi-
tion vector of the lth cell, i is the imaginary unit. The polarization
information can be identified by dividing U into three directions,
i.e., one out-of-plane direction and two in-plane directions.

As listed in Table 3, to validate NEMD methods used in this
paper, thermal conductivity values are chosen from Refs.
[19,20,23,26] as benchmarks. The REBO [26], the AIREBO [19],
the opt-Tersoff [20], and the Tersoff [23] were adopted in the four
references respectively. In our simulations, the sizes of the single-
layer graphene and the simulation methods as well as the used
potentials are set as the same as those in the respective benchmark
references. The newly calculated values are compared with the lit-
erature values. Relative errors are no more than 14.0%, which is
acceptable when considering the statistic fluctuation. Thus, the
methods utilized in this paper are validated.
3. Results and discussion

To provide a guideline for choosing appropriate interatomic
potential, thermal conductivities of single- and multi-layer gra-
phene are predicted by the REBO, the AIREBO, the Tersoff, and
the opt-Tersoff potentials and the results are compared with the
experimental data. Section 3.1 examines the potential applicability
for the single-layer graphene, while Section 3.2 assesses the suit-
able potential for the multi-layer graphene.
3.1. Single-layer graphene

Simulations are performed at 200, 250, 300, 400, and 500 K via
NEMD. The sizes of the simulated single-layer graphene are
�17 � �5 nm2. Fig. 4 shows that thermal conductivities predicted
by all the four potentials show a peak at 400 K, which can be
explained by the Umklapp phonon scattering [20]. Fig. 4 also
shows that thermal conductivities estimated by the opt-Tersoff
potential are the highest among all the four potentials.

For single-layer graphene, the thermal conductivity is closely
related to the phonon transport in the sheet. The accurate descrip-
tion of phonon transport is dependent on the exact modeling of the
intralayer bonding force. The phonon group velocity and lifetime
are two key parameters of phonon transport. In fact, when devel-
oping the opt-Tersoff potential, Lindsay and Broido [44] found that
the original set of parameters for the Tersoff potential overesti-
mates TA branch group velocities and underestimates quadratic
ZA branch group velocities, so they refit the parameters based on
experimental data of phonon frequencies and central Brillouin
zone acoustic velocities (ZA, TA, and LA branches) of graphene.
Thus, their opt-Tersoff potential describes acoustic velocities and
phonon frequencies more accurately. They calculate lattice ther-
mal conductivity of single-layer graphene by Boltzmann transport
approach using the opt-Tersoff potential, and the predicted ther-
mal conductivity shows a significant increase compared with the
original Tersoff potential. Zhang et al. [17] then realized the impor-
tance of the group velocity of ZA modes phonon, which is mainly
responsible for ultrahigh thermal conductivity of graphene. They
demonstrated that �43% energy of phonon heat energy is trans-
ferred via out-of-plane ZA modes at 300 K. Although ZO optical
branches are overestimated in the opt-Tersoff potential, their influ-
ence on thermal conductivity can be ignored at room temperature
[17].

To illustrate the different vibration status, variations of phonon
spectrum for different potential models at 300 K are shown in
Fig. 5. The G-band peak of the total power spectrum function G
(x) for the AIREBO, the REBO and the opt-Tersoff potentials occur
at almost the same frequency, which are 4.87 � 1013, 4.86 � 1013,
and 4.90 � 1013 Hz, respectively (Fig. 5(a)). However, for the Ter-
soff potential, G(x) has no G-band peak, so the Tersoff potential
cannot predict the phonon dispersion accurately. Fig. 5(b) shows
the power spectrum of the ZA + ZO modes. The opt-Tersoff poten-
tial has the largest frequency range of ZA + ZO modes
(0�3.94 � 1013 Hz, where the cutoff frequency is defined as a fre-
quency at which the amplitude of ZA + ZO modes is less than



Table 3
Validation of the NEMD method for REBO, AIREBO, opt-Tersoff, and Tersoff potentials.

References Potential models Size and chirality of single-layer graphene Thermal conductivity at 300 K (Wm�1 K�1)

Literature Present Relative error

[26] REBO 11.9 � 18.2 nm2, zigzag 128.4 134.7 4.9%
[19] AIREBO 2.4 � 10.5 nm2, armchair 53.6 46.1 14.0%
[23] Tersoff 10.4 � 100 nm2, zigzag 375.0 331.9 11.5%
[20] Opt-Tersoff 5.2 � 700 nm2, armchair 1182.0 1305.4 10.4%
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Fig. 4. Thermal conductivities predicted by REBO, AIREBO, Tersoff, and opt-Tersoff
at 200, 250, 300, 400, and 500 K.
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0.01). Moreover, the high frequency peak of ZA + ZO modes for the
opt-Tersoff potential is located at 2.59 � 1013 Hz which is larger
than that for the AIREBO potential (1.64 � 1013 Hz). However, the
high frequency peak of ZA + ZO modes does not appear for the
REBO potential. It can be speculated that the ZO modes disappears
for the vibrations predicted by either the REBO potential or the
AIREBO potential. Since most of heat energy is transferred via ZA
modes, they make a remarkable contribution to the thermal con-
ductivity of graphene [17]. As a result, the larger frequency range
and the larger frequency value for the high frequency peak in the
opt-Tersoff potential are two main reasons for more accurate pre-
diction of thermal conductivity of single-layer graphene.

Fig. 6 presents the phonon dispersion curves of graphene
derived from the REBO, the AIREBO, the Tersoff, and the opt-
Tersoff potential models by SED method (Eq. (5)). All the adopted
potential models produce a good description of certain phonon
modes, where six branches can be presented. However, there exist
some apparent differences from each other. The REBO and the AIR-
EBO potentials give out similar dispersion curves except for the ZA
and ZO branches. It is worth noting that the experimental fre-
quency value of the ZO phonon at C point is near 2.6 � 1013 Hz.
However, the value given by the REBO and the AIREBO are about
20% higher and 36% lower compared with the experimental data.
Thus, in the REBO and the AIREBO potentials, the descriptions for
ZO mode phonon fail. Besides, Fig. 6 gives out that the Tersoff
potential fails dramatically on the in-plane optical modes, TO and
LO branches. Lindsay and Broido [44] have pointed out the same
result, which causes the disappearance of G-band peak in Fig. 5
(a). The opt-Tersoff gives a significant improvement of the TO
and LO branches compared with the Tersoff, meanwhile keeps
the ZO branch in a reasonable range. Despite an overestimation
for ZO branch, the opt-Tersoff gives a good description of phonon
dispersion. The physical mechanism of the differences among the
phonon dispersions of the various potential models has been com-
prehensively discussed in the previous work of our group [51].

3.2. Multi-layer graphene

The opt-Tersoff is the most suitable potential model for NEMD
to simulate the thermal transport of single-layer graphene,
because it estimates the most reasonable thermal conductivity
value. However, it is still unknown whether the opt-Tersoff is the
best choice when simulating the thermal transport in multi-layer
graphene; especially since the L-J potential is additionally coupled
to it for describing the inter-layer interaction. On the other hand,
although the AIREBO is proven unsuitable for modeling thermal
transport in single-layer graphene, it is unclear whether its appli-
cability will be improved for multi-layer graphene since the AIR-
EBO inherently reflects the interlayer van der Waals interactions.

NEMD simulations are carried out to model multi-layer gra-
phene with 1, 2, 5, 10, 20 number of layers and sheet sizes of
�17 � �5 nm2 and �50 � �5 nm2at TMD = 500 K. The detail sizes
are shown in Table 2. It should be restated that in the REBO, the
Tersoff, and the opt-Tersoff cases, L-J potential is used to describe
the inter-layer interaction; while in the AIREBO case, the non-
bonded interactions have already been considered so that the
interlayer interaction is contained.

It is hard to directly compare the NEMD results with experi-
mental data, because there exist magnitude difference between
them due to the sizes effect of graphene sheet. Thus, the experi-
mental observation [46] that the thermal conductivity is reduced
with the number of layer is employed to examine the applicability
of the four potentials. As shown in Fig. 7(a), for the two sizes of
�17 � �5 nm2 and �50 � �5 nm2, the opt-Tersoff potential pre-
dicts the highest thermal conductivity. It is worth noting that only
the opt-Tersoff potential can predict the reduced thermal conduc-
tivity when multi-layer graphene has larger number of layer. The
inset figure in Fig. 7(a) shows that there is an apparent reduction
trend with the layer number increasing from 1 to 5. The thermal
conductivity of 5-layer graphene is almost the same as that of
10- and 20-layer graphene. The experimental results of Ghosh
et al. [46] are shown in Fig 7(b). Ghosh et al. [46] presented that
the increasing in the thickness leads to a decrease in the flux den-
sity because the number of phonon states available for three pho-
non modes scattering in multi-layer graphene increases as the
layer number increases. Although a larger layer number provides
more conduction channels in multi-layer graphene, the total phase
space available for phonon scattering increases even more signifi-
cantly. While in single-layer graphene there is essentially no scat-
tering from the top and bottom surfaces, and only the edge
scattering is present.

It is worth noting that Wei et al. [27], Cao et al. [28] and Lindsay
et al. [52] also investigated the effects of layer number on thermal
conductivity of multi-layer graphene. The works of Wei et al. [27]
and Cao et al. [28] employed the Tersoff potential to model the
intralayer interaction via NEMD simulations. Wei et al.’s simula-
tions [27] showed that there is little difference in thermal conduc-
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Fig. 5. Phonon spectrum functions for various potential models at 300 K: (a) total power spectrum; and (b) power spectrum of the ZA + ZO modes.
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tivity between single-layer and five-layer graphene with the same
sheet sizes of 7.5, 10, 15, and 20 � 5 nm2, respectively. However,
the thermal conductivity of 5-layer graphene is remarkably larger
than that of 2-layer graphene with the sheet size of 12.5, and
25 � 5 nm2. Temperature dependence has also been founded by
Wei et al. [27], that is, the layer number has little effects on ther-
mal conductivities at 800 K with the same sheet size, and obvious
effects at 300 K. Thus, their results, which indicate the size effects
and the temperature effects on the layer number dependence, may
also confirm that the Tersoff potential is not appropriate for mod-
eling the multi-layer graphene. However, Cao et al. [28] reported
the decreasing trends of thermal conductivities with the increasing
layer number for a 10 � 2 nm2 multi-layer graphene. Unfortu-
nately, the width of 2 nm in the work of Cao et al. [28] is too small,
which cannot characterize the infinitely wide graphene. To verify
this, we also perform additional simulations, in which multi-
layer graphene with the size of �17 � �2 nm2 are modeled by
the Tersoff potential. The thermal conductivities also show a
reduced trend with an increase in the number of layers. This result
is different from that of �17 � �5 nm2 counterpart. Therefore, the
reduced thermal conductivity in Ref. [28] must be caused by the
size effect. Lindsay et al. [52] carried out a BTE simulation to
explore thermal transport for multi-layer graphene and graphite
with sample length of 1�10 lm using the opt-Tersoff potential
model. They also presented the result that thermal conductivity
decreases monotonically with an increasing number of graphene
layers until there are 5 layers. The interaction between graphene
layers which breaks the graphene selection rule on phonon-
phonons scattering is considered as the dominating reason for
the decreasing. Lindsay et al.’s work has reasonably demonstrated
the suitableness of the opt-Tersoff potential in BTE simulations
when calculating the thermal conductivities of single- and/or
multi-layer graphene.

To understand the scattering mechanisms in the NEMD simula-
tions, the power spectrum function for two- and five-layer
�17 � �5 nm2graphene modeled by the opt-Tersoff potential at
TMD = 500 K is shown in Fig. 8. The high frequency peaks for the
two-, five-layer graphene are located at almost the same frequency
(4.90 � 1013 Hz for the two-layer graphene and 4.88 � 1013 Hz for
the five-layer graphene). However, the amplitudes are reduced
from 0.185 (two-layer graphene) to 0.168 (five-layer graphene).
Similar trend is also observed for two low frequency peaks. This
result verifies that there exists phonon scattering in thicker
multi-layer graphene. As shown in Fig. 8(b), the interlayer atomic
force also weakens frequency peaks of the ZA + ZO modes. The
amplitude of high frequency peak is 0.180 for the two-layer gra-
phene; however, it is significantly reduced to 0.096 for the five-
layer graphene. The ZA + ZO modes make a remarkable contribu-
tion to the thermal conductivity of graphene; thus, the significantly
reduced amplitudes of the ZA + ZO modes result in the decreased
thermal conductivity when increasing the number of layer. From
the side view of multi-layer graphene as shown in Fig. 8(b), an
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apparent deformation of graphene can be observed in the opt-
Tersoff cases. Besides, the interlayer scattering of phonon for every
layer becomes larger with the increasing layer number, which
causes the decreasing thermal conductivities.

It is also found that the AIREBO potential cannot predict the
phenomenon observed in Ref. [46]. As shown in Fig. 9, in the case
of the AIREBO, interlayer atomic force does not exhibit significant
effect on both total power spectrum energy and ZA + ZO modes
power spectrum energy. In detail, for the total power spectrum,
high frequency peaks for two- and five-layer graphene are located
at the same frequency of 4.85 � 1013 Hz with the amplitudes of
0.177 and 0.168 (Fig. 9(a)). It is interesting that for the ZA + ZO
modes power spectrum, high frequency peaks disappear for both
two- and five-layer graphene. There is only a low frequency peak,
which occurs at 1.79 � 1013 Hz for the two-layer graphene and at
1.76 � 1013 Hz for the five-layer graphene, the corresponding
amplitudes are 0.128 and 0.116 (Fig. 9(b)). This result indicates
that the AIREBO potential cannot appropriately capture interlayer
phonon scattering. Thus, the AIREBO is not recommended when
the thermal transport of multi-layer graphene is modeled via
NEMD.
4. Conclusions

In this work, the Tersoff, the REBO, the opt-Tersoff and the AIR-
EBO potentials are employed in NEMD simulations to model ther-
mal transport of single- and multi-layer graphene. The predicted
thermal conductivities are compared with the experimental data
to search for an optimal potential. The main conclusions are as
follows.

(1) For single-layer graphene, the total power spectrum func-
tion has no G-band peak when the Tersoff potential is
adopted, so the Tersoff potential cannot predict the phonon
dispersion accurately. Although the G-band peaks occur for
the AIREBO, the REBO and the opt-Tersoff potentials, the
opt-Tersoff potential predicts a larger frequency range and
a larger frequency value for the high frequency peak. More-
over, the ZOmodes are failure for the vibrations predicted by
either the REBO potential or the AIREBO potential. Thus,
thermal conductivities estimated by the opt-Tersoff poten-
tial are the highest among all the four potentials and are clo-
ser to the experimental results.
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(2) The experimental observation has shown that the thermal
conductivity of multi-layer graphene reduces with the num-
ber of layers. Since the opt-Tersoff potential can accurately
capture the significantly reduced amplitudes of the ZA + ZO
modes caused by interlayer phonon scattering, it can repro-
duce experimental observations well. However, the AIREBO
potential underestimates the interlayer phonon scattering,
and hence it is not recommended when the thermal trans-
port of multi-layer graphene is modeled via NEMD.
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Appendix A

In this work, the REBO, the AIREBO, the Tersoff, and the opt-
Tersoff potentials are used to model the intralayer interactions.
They are described in brief as follows. The Tersoff is a 3-body
potential which has been developed for modeling the energetics
of covalent systems. The bond energy of atoms system modeled
by the Tersoff, Vij

Tersoff, is given by functions [40–42]
VTersoff
ij ¼ f Cijðf Rij � bijf

A
ij Þ

f Rij ¼ Ae�k1rij

f A
ij ¼ Be�k2rij

f Cij ¼
1; rij < R� D
1
2 � 1

2 sin p
2

rij�R
D

� 	
; R� D < rij < Rþ D

0; rij > Rþ D

8>><
>>:

bij ¼ ð1þ bnfnijÞ�1=2n

fij ¼
X
k–i; j

f Cikgijkek
3
3ðrij�rikÞ3

gijk ¼ 1þ c2

d2
� c2

d2þðs�cos½hijk �Þ2

8>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>:

ð2Þ

where rij is the length of bond between atoms i and j, fijA and fij
R are

the attractive and the repulsive pair wise terms, fijC and fik
C is the

cutoff term, R is the atomic distance at the middle of the potential
well, D is the half width of the potential well, A and B are the fit
parameters of energy factor, k1, k2 and k3 are the fit parameters of
the bond length factor. The bond angle term, bij, depends on the
local coordination of atoms around atom i and the angle between
atoms i, j, and k. Here fij counts the coordination of other bonds
besides the ij bond, b and n are the fit parameters of the bonds coor-
dination. gijk is the bond bending spline function, where hijk is the
angle between atoms i, j, and k and equals 120� for graphene, c, d,



Table A2
The fit parameters for the opt-Tersoff potential [44].

A = 1393.6 eV B = 430.00 eV k1 = 3.4879 Å�1 k2 = 2.2119 Å�1

k3 = 0.0000 Å�1 n = 0.72751 c = 38049.0 b = 1.5724 � 10�7

d = 4.3484 s = �0.930 R = 1.95 Å D = 0.15 Å

Table A3
The original fit parameters for the REBO potential [43,44].

A = 10953.54 eV B1 = 12388.79 eV B2 = 17.57 eV B3 = 30.71 eV

a = 4.75 Å�1 k1 = 4.72 eV k2 = 1.43 eV k3 = 1.38 eV
Q = 0.31346 Å R = 2.0 Å D = 1.7 Å T0 = �0.00809675
b0 = 0.7073 b1 = 5.6774 b2 = 24.0970 b3 = 57.5918
b4 = 71.8829 b5 = 36.2789
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and s are the fit parameters of bond angle. The original fit parame-
ters for the Tersoff potential are listed in Table A1.

The opt-Tersoff potential adopts the same formulas as the Ter-
soff potential, with two parameters being fitted to experimentally
measured phonon frequencies in graphene [44]. In detail, the fitted
energy factor B is optimized from 346.74 eV to 430.00 eV, and the
fitted bond angle factor s is optimized from �0.57058 to �0.930, as
shown in Table A2. Thus, the attractive interaction term is 1.24
times larger than that of the Tersoff, and the bond bending spline
function gijk changes from 20166.89 to 741446.60, which is an
increase of 36.8 times.

The REBO is a Tersoff type potential. The bond energy of atoms
system modeled by the REBO, Vij

REBO, is given by functions [43]

VREBO
ij ¼ f Cijðf Rij � �bijf

A
ij Þ

f Rij ¼ 1þ Q
rij

� 	
Ae�arij

f A
ij ¼

X3
n¼1

Bne�knrij

f Cij ¼
1; rij < D
1
2 1þ cos rij�D

R�D

� 	
; D < rij < R

0; rij > R

8>><
>>:

�bij ¼ 1
2 ðb

r�p
ij þ bp�rij Þ þPRC

ij þ bDH
ij

br�pij ¼ 1þ
X
k–i; j

f Cikgijk

 !�1=2

gijk ¼
X5
i¼0

bi cosi½hijk�

bDH
ij ¼ T0

2

X
k;l–i; j

f Cikf
C
jlð1� cos2½Hijkl�Þ

cos½Hijkl� ¼ ~gjik �~gijl

~gjik ¼ ~rji�~rik
j~rji jj~rik j sin½hijk �

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð3Þ

where rij, fijA, fijR, and fij
C have the same physical meanings as those

in the Tersoff potential, A, B1, B2, and B3 are the fit parameters of
energy factor, Q, a, k1, k2 and k3 are the fit parameters of the bond
length factor. �bij is the bond angle term, br�pij is dependent on the
local coordination of atoms around atom i and the bond angle hijk
between atoms i, j, and k. For graphite and graphene, br�pij ¼ bp�rij .
bi (i = 0, 1, 2, 3,4,5) in the bond bending spline function (gijk)are fit-
ted by the experimental data for graphite and diamond. PRC

ij is the
radical energetics of vacancies, which are not considered here, i.e.

PRC
ij ¼ 0. bDH

ij is a dihedral bending function and is important for
describing graphene, where every third-nearest-neighbor atoms

are involved in calculation. In the bDH
ij function, T0is the fit parame-

ter, and Hijkl is the dihedral angle of four atoms i, j,k, and l. The
parameters for the REBO potential are listed in Table A3.

In the extension from REBO to AIREBO, non-bonded interactions
term and dihedral-angle interactions term are added to REBO
potential, that is, [45]

VAIREBO
kijl ¼ 1

2

X
i

X
j–i

VREBO
ij þ VLJ

ij þ
X
k–i; j

X
l–i; j;k

V tors
kijl

" #
ð4Þ
Table A1
The original fit parameters for the Tersoff potential [40–42,44].

A = 1393.6 eV B = 346.74 eV k1 = 3.4879 Å�1 k2 = 2.2119 Å�1

k3 = 0.0000 Å�1 n = 0.72751 c = 38049.0 b = 1.5724 � 10�7

d = 4.3484 s = �0.57058 R = 1.95 Å D = 0.15 Å
where Vij
LJ is the L-J potential term, and Vkijl

tors is the dihedral-angle
term,

VLJ
ij ¼ 4eij

rij

rij

� �12

� rij

rij

� �6
" #

ð5Þ
V tors
kijl ¼ 1

2

X
i

X
j–i

X
k–i; j

X
l–i; j;k

wijðrijÞwjkðrjkÞwklðrklÞ

� e
256
405

cos10
Hijkl

2

� �
� 1
10


 �
ð6Þ

where rij and eij denote the minimum energy and the zero energy
separation distance, Hijkl is the dihedral angle, e is the barrier
height; wij(rij) is the bond weight, which is a number between 0
and 1, and is used as an indication of the bonding between atoms
i and j.
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