
Applied Thermal Engineering 111 (2017) 1401–1408
Contents lists available at ScienceDirect

Applied Thermal Engineering

journal homepage: www.elsevier .com/locate /apthermeng
Research Paper
Cross-plane heat conduction in nanoporous silicon thin films by phonon
Boltzmann transport equation and Monte Carlo simulations
http://dx.doi.org/10.1016/j.applthermaleng.2016.05.157
1359-4311/� 2016 Elsevier Ltd. All rights reserved.

⇑ Corresponding author.
E-mail address: caoby@mail.tsinghua.edu.cn (B.-Y. Cao).
Yu-Chao Hua (华钰超), Bing-Yang Cao (曹炳阳) ⇑
Key Laboratory for Thermal Science and Power Engineering of Ministry of Education, Department of Engineering Mechanics, Tsinghua University, Beijing 100084, China
h i g h l i g h t s

� A model for cross-plane thermal
conductivity of nanoporous films is
proposed by BTE.

� Our model captures the effects for
thickness, pore radius and porosity
simultaneously.

� A MC method is developed to
simulate phonon transport in
nanoporous Si films.

� Good agreements between the
present model and MC simulations
have been achieved.
g r a p h i c a l a b s t r a c t
a r t i c l e i n f o

Article history:
Received 10 March 2016
Revised 22 May 2016
Accepted 25 May 2016
Available online 1 June 2016

Keywords:
Thermoelectric
Nanoporous silicon thin film
Effective thermal conductivity
Phonon Boltzmann transport equation
Monte Carlo
Phononic crystals
a b s t r a c t

The study on the heat conduction in nanoporous silicon structures has drawn much attention due to their
significance for developing highly-efficient thermoelectric materials. In the nanostructures whose char-
acteristic lengths are comparable to the phonon mean free path (MFP), ballistic transport and boundary
scattering will lead to the size-dependence of effective thermal conductivity. In the present work, the
cross-plane thermal transport along the pore axial direction in nanoporous silicon thin films (i.e. silicon
thin films crossed by nanoscale cylindrical channels) is investigated by using the phonon Boltzmann
transport equation (BTE) and the Monte Carlo (MC) simulations. It is found that the effective thermal con-
ductivity varies not only with the porosity but also with the film thickness and pore radius. The smaller
the film thickness or the pore radius, the smaller is the effective thermal conductivity for a given porosity.
An analytical model for the cross-plane effective thermal conductivity of nanoporous silicon thin films is
obtained on the basis of the phonon BTE. The model can capture the size effects due to the film thickness
and the pore radius simultaneously, and be reduced to the Fourier’s law based model for macroporous
materials. Good agreements have been achieved between the present model and the MC simulations.
Our model can be useful for predicting and controlling phonon transport for thermoelectric devices.

� 2016 Elsevier Ltd. All rights reserved.
1. Introduction

The developments of green technologies, e.g., waste heat recov-
ery, push researchers to study highly-efficient thermoelectric
devices [1,2]. The efficiency of thermoelectric materials is depen-
dent on the dimensionless thermoelectric figure of merit [3],
ZT ¼ S2rT=k, where S is the Seebeck coefficient, r is the electrical
conductivity, k is the thermal conductivity, and T is the absolute
temperature. The key to improving the efficiency of thermoelectric
devices is to reduce the thermal conductivity without adversely
influencing the electrical conduction ability. Many innovative ideas
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have been proposed to increase ZT based on the engineering of
electron and phonon transport [4,5]. Nanoporous silicon structures
[6] have demonstrated great potential in new generation thermo-
electric materials [7]. Researchers found that by etching nanoscale
holes in silicon thin films (i.e. silicon thin films crossed by nanos-
cale cylindrical channels) the effective thermal conductivity can
be greatly reduced, while only a minor effect occurs on the electri-
cal properties of silicon. In this way, the figure of merit can be sig-
nificantly improved. Therefore, the study on the thermal transport
in nanoporous silicon thin films becomes necessarily essential for
the further development of highly-efficient thermoelectric devices.

Phonons predominate the heat conduction in silicon [8]. In
nanostructures whose characteristic lengths are comparable to
the phonon mean free path (MFP), ballistic transport and boundary
scattering will make the effective thermal conductivity dependent
on geometry and size [9,10], indicating a violation of classical Four-
ier’s law of heat conduction, so the Fourier’s law based model for
the effective thermal conductivity of macro-porous materials can
be invalid [11]. Generally, the phonon Boltzmann transport equa-
tion (BTE) is employed to characterize the nanoscale thermal trans-
port [10],

~vg � rf ¼ f 0 � f
s ; ð1Þ

where~vg is the group velocity, f is the phonon distribution function,
f0 is the equilibrium distribution function, and s is the relaxation
time.

Many researches have devoted to investigating the effective
thermal conductivity of nanoporous silicon thin films both theoret-
ically and experimentally. It has been found that the effective ther-
mal conductivity of nanoporous thin films can significantly reduce
as compared to that of macroporous materials, and increase with
the increasing characteristic lengths, e.g. film thickness and pore
radius. Yang et al. [11] numerically studied the thermal transport
along the pore axial direction in the nanoporous structures
through solving the phonon BTE, and found the pore radius depen-
dence of effective thermal conductivity. Hsieh et al. [12] employed
a frequency-dependent phonon BTE solver to investigate the ther-
mal transport perpendicular to the pore axial direction, and dis-
cussed the influence of pore geometries on the transverse
thermal conductivity of nanoporous silicon. Tang et al. [13] numer-
ically studied the influence of film thickness and pore structure on
the transverse thermal conductivity of nanoporous films based on
the phonon BTE. Besides, molecular dynamics (MD) simulation is
an important numerical technique to investigate the nanoscale
thermal transport. Lee et al. [14] used the MD technique to study
the thermal properties of nanoporous silicon. Based on the MD
simulations, Fang and Pilon [15] proposed that the effective ther-
mal conductivity of nanoporous silicon can be tuned by surface
passivation. Except for the numerical solution of phonon BTE and
the MD simulations, the Monte Carlo (MC) method is another
widely-adopted numerical technique to study the phonon trans-
port in nanoporous silicon structures. Randrianalisoa and Baillis
[16] applied the MC technique to predict the effects of porosity,
pore sizes, pore arrangement, temperature, and film thickness on
the cross-plane thermal conductivity of nanoporous silicon films.
Liu and Huang [17] and Wolf et al. [18] investigated the transverse
thermal conductivity of nanoporous silicon using the MC simula-
tions. As for experiments [18–22], Yu et al. [19] and Alaie et al.
[20] measured the in-plane effective thermal conductivity of nano-
porous silicon films in the transverse direction (that is, the direc-
tion perpendicular to the pore axis), proving the significant
reduction of thermal conductivity. Hopkins et al. [21] and Weisse
et al. [22] measured the cross-plane thermal conductivity along
the pore axial direction of nanoporous silicon films using the time
domain thermoreflectance method, demonstrating the influence of
diameter and porosity on effective thermal conductivity. Lee et al.
[23] measured the cross-plane thermal conductivity of nanoporous
silicon thin films along the pore axial direction, and mainly ana-
lyzed the film thickness dependence of effective thermal
conductivity.

Numerical and experimental results uncovered the variation
rules of the effective thermal conductivity of nanoporous silicon
structures, and promoted the development of relevant theoretical
models [24–27]. Prasher [24] proposed an approximate ballistic-
diffusive effective medium model for the transverse thermal con-
ductivity of nanoporous films as an alternative of the phonon
BTE. Liu and Huang [17] modified Prasher’s model and discussed
the effect of pore geometries on the transverse thermal conductiv-
ity. Prasher [25] then derived a theoretical model of thermal con-
ductivity along the pore axial direction for nanoporous films with
infinite thickness based on the phonon BTE. Alvarez et al. [26] used
phonon hydrodynamics to analyze the influence of porosity and
pore size on reduction of effective thermal conductivity in porous
silicon. Dettori et al. [27] obtained a phenomenological model for
the transverse thermal conductivity of nanoporous silicon from
the MD simulations. Besides, the changes of phonon properties
resulted from the phononic crystal patterning have also been
regarded as important factors for the reduction of effective thermal
conductivity [20,21,28]. It should be noted that most of modeling
works at present are based on the phenomenological methodolo-
gies [24,27], and cannot simultaneously take multiple geometrical
constraints into account. A more in-depth understanding about the
thermal transport in nanoporous silicon thin films and the corre-
sponding predictive model are still desired.

In the present work, we study the cross-plane heat conduction
along the pore axial direction in the nanoporous thin films by using
the phonon BTE and the MC simulations. The analytical model for
the cross-plane effective thermal conductivity of nanoporous thin
films is derived from the phonon BTE and verified by comparison
with the MC simulations.
2. Problem formulation

Fig. 1 illustrates the schematic for the cross-plane heat conduc-
tion in nanoporous silicon thin films. The film thickness is Lx, the
pore radius is Rp, and the distance between two neighboring pore
axials is Lp. The temperature difference is applied along the pore
axial direction (x direction), and thus the thermal transport is peri-
odic in the y- and z-directions. Therefore, the phonon transport
inside the nanoporous thin films can be represented by that in
the unit cell shown in Fig. 2(a) with the totally specular scattering
boundary conditions in the y- and z-boundaries [11,24,25]. It
should be note that the specular scattering boundary conditions
in the y- and z-boundaries do not change the transport direction
of phonon energy, resulting in the same influence on effective ther-
mal conductivity as that caused by the periodic boundary condi-
tions. In our studying cases, pores are squarely arrayed in
nanofilms, and thus the maximum porosity in theory is equal to
p=4 � 0:79. In reality the nanoporous thin films may hold various
pore-array patterns, but this issue cannot significantly influence
the cross-plane effective thermal conductivity for the given poros-
ity and characteristic lengths [11]. For simplicity and clarity, fol-
lowing the method of Yang et al. [11], the outer surface of the
square unit cell is converted into a circle, that is, to approximate
a square unit cell cross section as a circular cross section with
the same cross-sectional area (shown in Fig. 2(b)), Ro ¼ Lp=

ffiffiffiffi
p

p
,

and the porosity is then calculated as e ¼ R2
p=R

2
o . The x-directional

isothermal boundaries are set as phonon blackbody boundaries,
i.e. phonons arriving at these boundaries will be completely
absorbed [29]. Besides, the pore boundary is thermally adiabatic,
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Fig. 1. Schematic for cross-plane heat conduction in nanoporous silicon thin films: the film thickness is denoted by Lx , the direction of heat flow, Qx , is parallel with the pore
axial, the pore radius is Rp , and the distance between two neighboring pore axials is Lp .
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that is, all phonons that strike it will be reflected back to the
domain. A specular parameter, P, has been introduced to describe
the characterization of phonon scattering at such boundaries, and
it can be expressed as P ¼ expð�16p3D2=k2Þ [8], in which D is the
root-mean-square value of the roughness fluctuations and k is
dominant phonon wavelength. When P is equal to 1, the phonon
scattering is completely specular, while P = 0 corresponds to the
diffusive scattering. According to Ref. [30], the dominant phonon
wave length decreases with increasing temperature. For silicon at
room temperature, the dominant phonon wave length is approxi-
mately less than 1 nm [25], and thus any realistic surface rough-
ness will make P equal to 0. Therefore, the phonon-boundary
scattering at the pore boundaries is set as completely diffusive.
3. Theoretical model

In the classical Fourier’s law based model for macroporous
materials, the effective thermal conductivity, keff ;bulk, for the given
pore shape and heat flux direction is only a function of porosity,
keff ;bulk ¼ kbulkFðeÞ, where kbulk is the bulk thermal conductivity of
host material and FðeÞ describes the porosity dependence of ther-
mal conductivity. In the case shown in Fig. 1(a), according to the
effective medium approach (EMA) [11,31], we have FðeÞ ¼ 1� e
and then

keff;bulk ¼ ½1� e�kbulk; ð2Þ
which indicates that the effective thermal conductivity linearly
decreases with the increasing porosity. However, owing to phonon
boundary scattering at pore boundaries, the effective thermal con-
ductivity of nanoporous materials does not obey this variation rule,
and becomes dependent on the pore radius. Besides, for nanoporous
thin films where the scale of temperature gradient can be compara-
ble to the phonon MFP, ballistic transport also leads to the
thickness-dependence of effective thermal conductivity [23]. There-
fore, the effective thermal conductivity of nanoporous thin films
should be expressed as

keff ¼ ½1� e�kmðRp; e; LxÞ; ð3Þ
in which the effective thermal conductivity of host material,
kmðRp; e; LxÞ, is related to the pore radius, the porosity and the film
thickness simultaneously. Here, an analytical model for
kmðRp; e; LxÞ is derived on the basis of the phonon BTE. For a
multiply-constrained nanostructure (e.g. nanoporous thin film), an
analytical solution of the phonon BTE is rather difficult to obtain
when simultaneously considering all the constraints. Therefore, in
order to derive a relatively simple but efficient thermal conductivity
model for nanoporous thin film, we deal with the size effects due to
the film thickness and the pore radius separately, and then combine
them by using Matthiessen’s rule [32].

3.1. Size effect resulting from the pore-boundary scattering

First consider the size effect resulting from the pore boundary
scattering. The corresponding phonon BTE is [8,32]

vgx
@f 0
@T

dT
dx

þ~vgr � rrf 1 ¼ �f 1
s

; ð4Þ
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in which f 1 ¼ f � f 0,~r ¼ ðy; zÞ is the planar position vector,rr refers
to @=@yþ @=@z, and ~vgr ¼ ðvgy;vgzÞ is the planar group velocity vec-
tor. The temperature gradient along the x-direction (dT=dx) is not
varied, and the term @f 1=@x vanishes neglecting the influence of
x-directional constraints. Besides, the diffusive scattering boundary
condition at the pore boundaries is written as f 1ð~rBÞvgr;n

¼ 0 where

the position vector,~rB ¼ ðyB; zBÞ, describes the profile of pore bound-
aries. Then, Eq. (4) has a solution [8,33]:

f 1 ¼ vgxs
@f 0
@T

dT
dx

exp � Lrp
vgrs

� �
� 1

� �
; ð5Þ

where vgr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
gy þ v2

gz

q
¼ vg sinðhÞ with h representing the polar

angle between the phonon traveling direction and the x-axis, and
Lrp is the length from the location r of the integration in the cross
section to the point p at the pore boundaries [33].

The diffusive scattering at the pore boundaries directly sup-
presses the phonon transport, while the specular scattering at
the outer boundaries only changes the direction of ~vgr to increase
the diffusive scattering rate at the pore boundaries. Therefore, as
shown in Fig. 3, there are three kinds of Lrp for this periodic pore
structure. Fig. 3(a) illustrate the first kind of Lrp, which corresponds
to that the phonon directly arrives at the pore boundaries. Then,
we have

Lrp1 ¼ r j cosuj � Rp

r

� �2

� sin2u

 !1=2
2
4

3
5; p�uc1 6 u

6 pþuc1; ð6Þ
in which u is the azimuth angle, and the critical angle is
uc1 ¼ arcsinðRp=rÞ. The second kind of Lrp as shown in Fig. 3(b) rep-
resents that the phonon arrives at the pore boundaries after the
specular scattering at the outer boundaries, and is calculated as

Lrp2 ¼ Rpffiffiffi
e

p sinðu�u2Þ
sinðuÞ þ Rpffiffiffi

e
p j cosu2j � ðe� sin2u2Þ

1=2h i
;

0 6 u 6 uc1 or 2p�uc1 < u 6 2p ð7Þ

with u2 ¼ arcsin½ðr ffiffiffi
e

p
=RpÞ sinðuÞ�. Besides, Fig. 3(c) shows the third

kind of Lrp, corresponding to that the phonon cannot arrive at the
pore boundaries even after the specular scattering at the outer
boundaries. In this case, we have

Lrp3 ¼ 1; uc1 6 u 6 p�uc1 or pþuc1 < u 6 2p�uc1: ð8Þ

The x-directional heat flow is calculated as

Qx ¼
Z

dSA

Z 2p

0

Z 0

p

Z xm

0
vgx�hf 1 cosðhÞDðxÞdxd cosðhÞdu; ð9Þ
First kind of 

pR
r

1cϕ

Second kind of 

pR
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p

rpL rpL

Fig. 3. Schematics for three kinds of Lrp: Lrp is the length from the locat
where SA is the cross sectional area, x is the angle frequency, �h is
the Dirac constant, and DðxÞ is the density of states (DOS). For clar-
ity, the Debye approximation is applied, and the combining of Eqs.
(5) and (9) then leads to

Qx ¼
Cv lvg

4p
dT
dx

Z
SA

dSA

Z 2p

0

Z 1

�1
exp � Lrp

l0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l2

p
 !

� 1

 !
l2dldu

ð10Þ
in which CV is the heat capacity, l0 ¼ vgs is the intrinsic phonon
MFP, and l ¼ cosðhÞ. Then, using Fourier’s law, we can obtain the
effective thermal conductivity of the host material considering the
pore radius dependence,

km;p ¼ Qx

SA
� dT
dx

� ��
¼ kbulk

G
; ð11Þ

with kbulk ¼ Cv l0vg=3 and

G�1 ¼1� 3
pR2

pðe�1�1Þ

Z Rp=
ffiffi
e

p

Rp

rdr
Z 2p

0

Z 1

0
exp � Lrp

l0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�l2

p
 !

l2dldu:

ð12Þ
Here, we should note that what really matters for the pore

boundary scattering is the ratio between the pore separation distance
(2½Ro � Rp�) and the phonon MFP. The function G can be easily rear-
ranged as a function of the separation distance and the porosity,
using the equation, 1=2ðe�1=2 � 1ÞRp ¼ Ro � Rp. Nevertheless, when
the porosity is given, the separation distance is directly dependent
on the pore radius, and this is the reason why some researchers [10]
chose to study the effective thermal conductivity varying with pore
radius.

3.2. Size effect resulting from film thickness

When considering the film thickness dependence of effective
thermal conductivity, the corresponding phonon BTE [29,32] is

vgl
@f
@x

¼ f 0 � f
s

ð13Þ

with the boundary conditions, f ð0Þ ¼ f 0ðT1Þ and f ðLxÞ ¼ f 0ðT2Þ, in
which T1 and T2 are the temperatures of phonon baths, respectively.
Eq. (13) is the one-dimensional form of the phonon BTE, Eq. (1). In
Eq. (13), the influence of pore boundary-scattering in the yz plane is
not included, and only the ballistic transport is taken into account
[29,32]. Besides, Eq. (13) can be solved through the differential
approximation with the temperature jump boundary conditions
[34,35]. Then, the effective thermal conductivity, considering the
film thickness dependence, is given by
r

Specular 
scattering 

Third kind of 
Specular 
scattering 

r

pR

(c)

p

rpL

ion r to the point p at the pore boundaries, and uc1 ¼ arcsinðRp=rÞ.
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km;t ¼ kbulk
1þ 4

3
l0
Lx

: ð14Þ

In early 1993, Majumdar [29] introduced Eq. (14) to characterize
the cross-plane thermal conductivity of nanofilms, and then this
expression has been extensively applied [36].

3.3. Combination of both effects through Matthiessen’s rule

The size effects due to the film thickness and the pore radius
can be combined by using Matthiessen’s rule. According to Mat-
thiessen’s rule, when the coupling effects between different scat-
tering mechanisms can be neglected, the total confined MFP
caused by the longitudinal (x-direction) constraints and the pore
boundary scattering is

l�1
m ¼ l�1

0 þ l�1
x þ l�1

p ; ð15Þ
where lx is the longitudinal constrained MFP, and lp is the confined
MFP resulting from the pore boundary scattering. In principle, the
ratio of the size-dependent effective thermal conductivity to the
bulk value is calculated as

km
kbulk

¼ lm
l0

¼ 1
1þ l0

lx
þ l0

lp

: ð16Þ

We deal with the size effects due to the pore radius and the
film thickness separately, and obtain the corresponding effective
thermal conductivity expressions, i.e. Eqs. (11) and (14). Accord-
ing to Matthiessen’s rule, when only one boundary scattering
mechanism exist in the system, the effective thermal conductivity

should be expressed in the form as, km;pðtÞ=kbulk ¼ ½1þ l0=lxðpÞ��1,
where lpðxÞ (lp or lx) is the corresponding confined MFP. Therefore,
by converting Eqs. (11) and (14) into the form of Matthiessen’s
rule, we can obtain the corresponding confined MFPs, i.e. lp and
lx, respectively. We convert Eq. (11) into the form of Matthies-
sen’s rule as km;p=kbulk ¼ 1=ð1þ l0=lpÞ ¼ G�1, and thus obtain
lp ¼ l0=ðG� 1Þ. Following the similar procedures above, the longi-
tudinal constrained MFP is calculated as lx ¼ 3Lx=4, referring to
Eq. (14). Finally, combining Eqs. (3) and (16), we can have the
analytical model for the effective thermal conductivity of nano-
porous thin films,

keff
kbulk

¼ 1� e
Gþ 4

3
l0
Lx

; ð17Þ

with the characteristic lengths (both Lx and Rp) increasing, we have
l0=Lx ! 0 as well as G ! 1, and Eq. (17) gradually reduces to the
EMA model, Eq. (3), for macroporous materials.

It is straightforward to extend Eq. (17) to take the phonon dis-
persion into account. At room temperature, the contribution of
momentum-conserving collisions (normal scattering) can be
assumed to be negligible for three-dimensional materials [37], so
the standard relaxation time approximation model [38] can be
used,

keff ¼ 1� e
3

X
j

Z xmj

0
�hx

@f 0
@T

vgjlmjDjðxÞdx; ð18Þ

with lmj ¼ l0j Gðl0j;Rp; eÞ þ 4
3

l0j
Lx

� �.
, where l0j is the intrinsic phonon

MFP of frequency x and polarization j, and the modified MFP lmj

reflects the size effects due to the film thickness and the pore
radius. Besides, another efficient way to consider the phonon
dispersion is to use the phonon MFP spectra function [39],

keff ¼ ½1� e�
Z 1

0
/l0xHðl0x;Rp; e; LxÞdl0x ð19Þ
where /l0x is differential MFP spectra function which has been mea-
sured in experiments [40], and Hðl0x;Rp; e; LxÞ is the suppression
function exactly equal to

Hðl0x;Rp; e; LxÞ ¼ lmx

l0x
¼ 1

Gðl0x;Rp; eÞ þ 4
3

l0x
Lx

: ð20Þ

It is noted that our model considers the ballistic transport and
the pore boundary scattering but not the coherent phononic effects
[20,21,28] at present. In fact, the modifications of phonon proper-
ties due to the phononic crystal patterning (e.g. shift of DOS and
reduction of group velocity) can be further taken into account via
using the corresponding phonon MFP spectra function.
4. Comparison with MC simulations

A MC technique [41,42] is employed to simulate the phonon
transport in the nanoporous silicon thin films. It is noted that the
MC technique simulates phonon transport through random num-
ber samplings, equivalent to directly solving the phonon BTE. In
our simulations, the intensity of each phonon bundle emitting
from the boundary is defined as, W ¼ E=N, where E is the total
emitting phonon energy dependent on the temperature of phonon
bath, and N is the number of phonon bundles that we trace in the
simulations. N must be enough large to preserve the simulation
accuracy. And it is set 108 in the present work. The traveling
direction vector of the phonon bundle is expressed as
~s ¼ cosðhÞ~iþ sinðhÞ cosðuÞ~jþ sinðhÞ sinðuÞ~k. As the phonon bundle
emits form the boundary, sin h ¼ ffiffiffiffiffichp

, u ¼ 2pcu, ch and cu are
independent random numbers which range from 0 to 1. While as
the phonon bundle travels in the media, cos h ¼ 1� 2ch,
u ¼ 2pcu [34]. The phonon tracing algorithm is as follows: (1)
Draw the initial properties (e.g. position r0 of phonons). (2) Calcu-
late the traveling length, Dr, until the first scattering event
(Dr ¼ �l0 lnðcÞ, where c is the uniformly random number ranging
from 0 to 1), and renew the position of phonons, rnew ¼ r0 þ Dr.
(3) If a phonon collides with a boundary at rB, set rnew ¼ rB; In terms
of the nature of the boundary, we can determine whether the pho-
non reemits from the boundary. (4) If a phonon does not collide
with boundaries, the phonon should reemit at rnew, and set
r0 ¼ rnew. (5) If the phonon arrives at the absorbing boundaries
(e.g. black-body boundaries), the tracing process of this phonon
is finished, then we proceed to (1) and begin the tracing of the next
phonon. Besides, the heat flow is calculated by counting the num-
ber of phonons arriving at the isothermal boundary at x = Lx.

The Debye approximation is adopted to deal with the phonon
properties of silicon at the room temperature, and thus phonons
travel with one average group velocity and the scattering rate is
characterized by an average phonon MFP. We choose the average
MFP as 260 nm with its corresponding heat capacity
(0:93� 106 J=m3 K) and average group velocity (1800 m/s) [43].
This average MFP is obtained by considering the dispersion of
the acoustic phonons and neglecting the optical phonon contribu-
tion to the thermal conductivity [43]. And it is consistent with
experiments of Ju and Goodson [44]. In fact, although arguments
still exist on the value of the average phonon MFP of silicon at
room temperature, the choice of MFP does not influence the com-
parisons between the MC simulations and the present model
owing to that all quantities in both the MC simulations and the
theoretical model are dimensionless.

Our model, Eq. (17), can be verified by comparison with the MC
simulation results. All quantities in Figs. 4–7 are converted into
dimensionless, and the Knudsen numbers are defined as
KnL ¼ l0=Lx and KnR ¼ l0=Rp. Figs. 4 and 5 show the cross-plane
effective thermal conductivity of nanoporous silicon thin films
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with a given thickness as a function of porosity and pore radius.
Since the film thickness is rather larger than the phonon MFP, i.e.
KnL ¼ 0:01, the size effect due to the thickness can be neglected.
As shown in Fig. 4, the EMA model, Eq. (2), is invalid for nanopor-
ous films, that is, the effective thermal conductivity does not lin-
early decrease with the increasing porosity e, and becomes
dependent on the Knudsen number KnR. With the Knudsen number
KnR decreasing, the present model can be gradually reduced to the
EMA model. Phonon-boundary scattering at the pore boundaries
causes the size-dependence of host material thermal conductivity
(km), resulting in the further reduction of effective thermal conduc-
tivity, which has been proved by Hopkins et al. [21] in experi-
ments. Besides, the larger the Knudsen number KnR (that is, the
smaller the pore radius Rp), the more remarkable is the deviation
of variation rule from that predicted by the EMA model. The good
agreements between the MC simulations and the present model
indicate that the function, G, can well reflect the effect of pore
boundary scattering on the phonon transport. Fig. 5 suggests that
the effective thermal conductivity of nanoporous films decreases
with the increasing Knudsen number KnR for the given porosity.
It is found that decreasing the porosity can enhance the pore radius
dependence of effective thermal conductivity. Besides, the present
model can also accurately predict the MC simulation results. With
the decreasing KnR, the effect of boundary scattering at pore
boundaries gradually vanishes, and the present model is degrading
to the EMA model, Eq. (3), for macroporous materials.

Fig. 6 shows the effective thermal conductivity of nanoporous
silicon thin films with the given porosity (e ¼ 0:5) as a function
of film thickness (KnL). With the Knudsen number KnL increasing
(that is, the thickness decreasing), the scale of temperature gradi-
ent becomes comparable to the phonon MFP, and the influence
of ballistic transport can also reduce the effective thermal conduc-
tivity. The effective thermal conductivity decreases with the
increasing KnL, despite of the different KnR. Our model slightly
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Fig. 6. Cross-plane effective thermal conductivity of nanoporous silicon thin films with different pore radii (KnR ¼ 0:1;0:5;1:0) and a given porosity (e ¼ 0:5) along the pore
axial direction as a function of thickness (KnL).

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

KnR= 1.0

KnL

k ef
f / 
k bu

lk

MC:
ε = 0.1
ε = 0.5
ε = 0.7

EMA model: 
ε = 0.1
ε = 0.5
ε = 0.7

Present model:
ε = 0.1
ε = 0.5
ε = 0.7
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over-predicts the results obtained by the MC simulations in the
region of large Knudsen number KnL, and the deviation (only about
5%) may mainly result from the differential approximation which
is employed to obtain Eq. (14) [32,45]. The deviation can be
improved by using the modified differential approximation
method [32,45], but the modification can lead to a rather compli-
cated expression. Actually, this small deviation will not influence
the practical applications of our model.

Fig. 7 shows the effective thermal conductivity of nanoporous
silicon thin films with the given pore radius (KnR ¼ 1:0) as a func-
tion of film thickness KnL. It is also found that the effective thermal
conductivity decreases with the increasing KnL, despite of the dif-
ferent porosity, and the effective thermal conductivity can be sig-
nificantly reduced when compared to the results predicted by
the EMA model. In the region of larger Knudsen number KnL where
the phonon ballistic transport dominates, the effective thermal
conductivity is mainly dependent on the film thickness, which
has been demonstrated in the experiments of Lee et al. [23]. The
good agreements between the MC simulations and the present
model further verify the validity of the model. Furthermore, it
should be noted that we combine the size effects due to the differ-
ent constraints by using Matthiessen’s rule which assumes that the
different scattering progresses are independent. Although this
assumption cannot always be valid [46], the present model’s good
agreements with the MC simulations have demonstrated that the
coupling effect is not significant in our studying cases.
5. Conclusions

Nanoporous silicon thin films have demonstrated great poten-
tial in highly-efficient thermoelectric materials, necessitating the
in-depth study on their thermal properties. In the present work,
we have derived an analytical model for the cross-plane effective
thermal conductivity of nanoporous thin films based on the pho-
non BTE. The size effects caused by different constraints are dealt
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with separately, and then combined via using Matthiessen’s rule.
The present model can capture the size effects due to the film
thickness and the pore radius simultaneously. The effective ther-
mal conductivity of nanoporous silicon does not obey the variation
rule predicted by the EMAmodel for macroporous materials. And it
is significantly reduced due to the pore boundary scattering and
phonon ballistic transport. The smaller the film thickness or the
pore radius, the smaller is the effective thermal conductivity for
a given porosity. Moreover, the good agreements between the pre-
sent model and the MC simulations have been achieved, indicating
the validity of our model. Results of our work can provide a more
in-depth understanding about the heat conduction in nanoporous
silicon films, and the present model can be directly used to develop
highly-efficient thermoelectric devices.
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