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Using nonequilibrium molecular dynamics simulations, we study the non-Newtonian rhe-
ological behaviors of a monoatomic fluid governed by the Lennard-Jones potential. Both
steady Couette and oscillatory shear flows are investigated. Shear thinning and normal
stress effects are observed in the steady Couette flow simulations. The radial distribution
function is calculated at different shear rates to exhibit the change of the microscopic struc-
ture of molecules due to shear. We observe that for a larger shear rate the repulsion between
molecules is more powerful while the attraction is weaker, and the above phenomena can also
be confirmed by the analyses of the potential energy. By applying an oscillatory shear to the
system, several findings are worth mentioning here: First, the phase difference between the
shear stress and shear rate increases with the frequency. Second, the real part of complex
viscosity first increases and then decreases while the imaginary part tends to increase mono-
tonically, which results in the increase of the proportion of the imaginary part to the real
part with the increasing frequency. Third, the ratio of the elastic modulus to the viscous
modulus also increases with the frequency. These phenomena all indicate the appearance of
viscoelasticity and the domination of elasticity over viscosity at high oscillation frequency
for Lennard-Jones fluids.
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I. INTRODUCTION

Complex liquids like colloidal solutions and poly-
mer melts can exhibit distinct non-Newtonian behav-
iors, namely the change of viscosity and other physi-
cal properties with shear rate [1–3]. This is the com-
mon sense because the rheological properties can be ob-
served, measured and explained in the laboratory. In
the meantime, with the wide application of computer
simulations, people realize that simple fluids like argon
at high shear rates can also shear thin, shear thicken or
display viscoelasticity. Usually, the Weissenberg num-
ber (Wi), which is the structural relaxation time and
shear rate, can be used to relate rheological behaviors
of simple liquids to complex liquids [4]. It’s believed
that under the same Wi, fluids show similar flow be-
haviors. This was also illustrated through the universal
scaling obtained from the statistical-mechanical anal-
ysis [5]. For the complex liquids in industry or labs,
the value of Wi is of order unity [4]. Considering the
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relaxation time of simple fluids is of order picosecond,
the very much high shear rates of THz are unrealizable
experimentally because the macroscopic turbulence pre-
vents the attachment of high shear rates [6]. That’s why
people still do not totally accept the standpoint that all
fluids can be expected to be non-Newtonian.

Molecular dynamics (MD) serves as an efficient tool
to generate fluid flows and enables analyses on the re-
lated phenomena [7, 8]. Some studies were already car-
ried out to generalize the rheological laws of simple flu-
ids under various conditions with MD simulations. Er-
penbeck [9] reported a disorder-order transition with a
hard-sphere model, where the alignment of particles oc-
curs along the flow direction, called the “string phase”.
This phenomenon was further explained as the occur-
rence of hydrodynamic instability [10]. Unfortunately,
researchers found that this “string phase” is actually an
unphysical phenomenon originated from the improper
thermostat applied [11, 12], and then the configura-
tional thermostat [13, 14] was developed to deal with
this issue. In MD simulations, Delhommelle et al. [15]
applied the configurational thermostat to both steady
and oscillatory states under extensive shear rates and
frequencies, and the existence of shear-induced ordering
under oscillatory shear was discovered. One of the fa-
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mous theoretical analyses for non-Newtonian behavior
of simple fluids was conducted by Gan and Eu [16, 17].
They derived a heierarchy of nonlinear integral equa-
tions for the nonequilibrium fluctuations based on the
generalized Boltzmann equation. The shear effects ap-
pear in the nonequilibrum potential of fluids at the equi-
librium states. Using MD simulation methods, the GE
theory was tested to predict the distortion of fluid struc-
ture under steady shear [18, 19] and only a qualitative
agreement was observed.

From the above brief introduction, the non-
Newtonian phenomenon of simple fluids is indeed a very
popular research area. Many open questions still re-
main, especially about the mechanisms of the interest-
ing similarities of rheological behaviors between simple
and complex fluids. In this work, we use nonequilibrium
molecular dynamics simulations to investigate the rheo-
logical behaviors of monoatomic fluids governed by the
Lennard-Jones (LJ) potential for steady Couette flows
and oscillatory flows. For the steady Couette flow, the
shear thinning behavior is observed, which is quite sim-
ilar to several previous literature reports [13, 15]. We
specifically calculate the potential energy for different
shear rates and find it has a close relationship with the
pair distribution function. For oscillatory flows, we ob-
serve the change of the phase difference between shear
stress and shear rate with the frequency, which was sel-
dom studied in the literature. Also, the proportion of
elastic and viscous modulus, corresponding to the imag-
inary and real parts of viscosity respectively, varies with
the frequency. These findings can also serve as a guide
to understand the viscoelasticity of Lennard-Jones flu-
ids.

II. SIMULATION METHOD AND DETAILS

Our simulation is carried out on a monoatomic fluid
governed by the Lennard-Jones (LJ) potential in the
form of

φ(r) = 4ε

[(σ
r

)12

−
(σ
r

)6
]

(1)

Here r is the intermolecular distance, σ is the molecular
diameter of 3.405×10−10 m and ε is the potential well
depth of 1.67×10−21 J. Orthorhombic cells are used in
the system with periodic boundary conditions (PBC)
applied in three directions. The systems all consist of
N=1000 particles and are divided into n slabs (labeled
from 1 to n) along the z direction. A constant-T sim-
ulation also known as the canonical ensemble (NV T )
with a Nose-Hoover thermostat is used. The thermo-
stat is applied only in two directions (y, z) except the
flow direction (x) [20–22] and the equations of motion
are

ṙi=
pi
m

(2)

ṗi=Fi − ξpi (3)

FIG. 1 Schematic diagram of the simulation method.

ξ̇=
1

Q

(∑ p2

m
− gkBT

)
(4)

Here subscript i refers to y, z directions, r, m, p, F are
the distance, mass, momentum, and force respectively,
kB is the Boltzmann constant, g=2N , Q=2NkBTτr

2

and τr=0.05 is the relaxation time. Applying the ther-
mostat in only two directions will guarantee that the
flows are not affected by the thermostat. To reduce the
time-consuming calculations of the inter-particle inter-
actions, a cutoff distance of rcut=2.0σ and a cell-linked
list method [23] is applied in the simulations. A leap-
frog Verlet algorithm with a time step of dt=0.005τ is
used to integrate the equations of motion.

Figure 1 exhibits the schematic diagram of our simu-
lation method. At every time step, we select the atoms
in slab 1 to give them an additional positive velocity vx,
while the atoms in slab n/2+1 are with a negative ve-
locity −vx. By using the periodic boundary conditions,
Couette flow can be established at both halves of the
system. The numbers of atoms from the two slabs in-
volved in this process are selected to be the same. Then
after time t, the momentum flux, i.e. shear stress, can
be expressed as

τxy =

∑
t

∑
i

vx

2LxLyt
(5)

where i denotes the atoms in slab 1 with an additional
vx. The factor 2 arises from the periodicity of the sys-
tem. Besides the common steady flow, we are also con-
cerned with oscillatory shear flow and the imposed ve-
locity is in the form of

vx = vx0 cos (ωt) (6)

Here vx0 is the amplitude of the oscillatory velocity and
ω is the frequency.

DOI:10.1063/1674-0068/29/cjcp1606129 c⃝2016 Chinese Physical Society



756 Chin. J. Chem. Phys., Vol. 29, No. 6 Ruo-yu Dong et al.

FIG. 2 (a) Velocity profiles and (b) temperature profiles of
different shear rates.

In the rest of the paper, the LJ reduced units
are introduced to exhibit the simulation results in-
dicated by the superscript “∗”, e.g. the tem-
perature T ∗=TkB/ε, number density ρ∗=ρσ3, ve-

locity v∗=v
√
m/ε, time t∗=t

√
ε/m/σ, diameter

r∗=r/σ, shear viscosity η∗=ησ2/
√
εm, shear rate

γ̇∗=γ̇σ
√
m/ε, shear stress s∗=sσ3/ε and angular fre-

quency ω∗=ωσ
√
m/ε. The state points of T ∗=0.722

and ρ∗=0.8442 near the triple point of the LJ fluid are
selected as the case study in the following work.

III. SIMULATION RESULTS AND DISCUSSION

A. Steady shear flow

First, we plot some typical velocity and temperature
profiles under different shear rates in Fig.2. In Fig.2(a),
the velocity profiles are all V-shaped, which are the re-
sults of the periodic boundary condition and the current
method of generating linear shear flows, i.e. positive
and negative additional velocities imposed on the atoms
in slab 1 and slab n/2+1 (n=20). Then, in Fig.2(b),
when the shear rates are relatively low (γ̇∗=0.006, 0.12),
the temperature profiles are almost horizontal straight
lines with a value very close to 0.722, which indicates
a negligible viscous heating behavior. While at high
shear rate (γ̇∗=1.61), the profile is composed of two
distinct parabolic shapes, interconnected at the center
of the system. Parabolic temperature profiles for flu-

FIG. 3 (a) Dependence of the shear viscosity on the shear
rate, a Carreau model; (b) dependence of the shear viscosity
on the 0.5 power of shear rate with the linear fit (intercept:
3.41, slope: −1.33).

ids under linear shear have also been observed in some
previous study [24]. The non-negligible viscous heat-
ing causes the remarkable temperature differences, and
the two connected parabolic shapes correspond with the
V-shaped velocity profiles. More interestingly, temper-
ature jumps can be observed at the regions of slab 1
and slab n/2+1 (n=20).

The shear viscosity as a function of the shear rate is
depicted in Fig.3. The viscosity is evaluated as the ratio
of shear stress to shear rate

η = −⟨τxy/γ̇⟩ (7)

From Fig.3(a), we can easily see a Newtonian plateau
before γ̇∗=0.01 where the viscosity is independent of
the shear rate, which agrees with the reference data re-
ported by Borzsák et al. [25]. From around γ̇∗=0.1, the
shear viscosity decreases markedly with the increase of
the shear rate, which indicates the appearance of shear
thinning. A comparison is made between our results
and the famous Carreau model [26],

η (γ̇) =
η0[

1 + (λγ̇)
2
]q (8)

which was developed empirically from the behavior of
complex fluids. In Eq.(8), η0 is the Newtonian viscosity
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and the parameter λ is a characteristic time constant,
approximately equal to the inverse of the shear rate
when shear thinning behavior begins [27]. The fitting
parameters are estimated to be η0=3.31, λ=7.08 and
q=0.11, consistent with the results in Ref.[27]. Also,
just as the mode coupling theory stated, we find in
Fig.3(b) the shear viscosity does vary linearly with the
square root of the shear rate. In fact, this shear thinning
phenomenon is not only common to complex fluids, but
also can be observed in the rheology of Lennard-Jones
fluids.

To discuss the rheological behavior, we need to take
a look at the stress tensor T of the fluids. It can be
written as

T =

 txx txy txz
tyx tyy tyz
tzx tzy tzz

 =
1

3
[tr(T)] I+ σ (9)

where tr(T) is the trace of the stress tensor, I is the
unit tensor and σ is the Deviatoric stress tensor. We
can define the isotropic pressure as

p = −1

3
[tr(T)] (10)

and the stress tensor is rewritten as

T = −pI+ σ (11)

or equivalently,

Tij = −pδij + σij (12)

When a simple Couette flow is constructed in the sys-
tem, for purely viscous fluids, Eq.(9) is in the form of

T = −p

 1 0 0
0 1 0
0 0 1

+

 0 τ 0
τ 0 0
0 0 0

 (13)

However, for the viscoelastic fluids

T = −p

 1 0 0
0 1 0
0 0 1

+

 σxx τ 0
τ σyy 0
0 0 σzz

 (14)

Actually, Eq.(9) and Eq.(10) give just one possible way
of defining the pressure which is not necessarily the real
hydrostatic pressure of the fluids. This means that the
absolute values of σii may vary, but the differences be-
tween them do not. Then the first and second nor-
mal stress differences are defined as s1=σxx−σyy and
s2=σyy−σzz. In this case, three variables are needed to
describe the flow characteristics of viscoelastic fluids,
namely shear stress τ , s1, and s2.

To calculate normal stress differences along with
isotropic pressure, we first distinguish n planes perpen-
dicular to x direction. Then for every time step, the vx
of atoms moving across plane i and the ∆vx generated

FIG. 4 Dependences of the normal stress differences and
isotropic pressure on the 1.5 power of shear rate with the
linear fit. (For s1, intercept: 0.31, slope: 7.31; For s2, in-
tercept: −0.14, slope: −0.4; For p, intercept: 2.46, slope:
4.07).

by pairs of atoms interacting across plane i are recorded
as the momentum flowing past this plane. We can de-
rive the total momentum flux i.e. normal stress txx of
plane i:

txx =
Jx

tLyLz
(15)

where Jx is the total x component of momentum pass-
ing through Plane i over time. Finally, for n planes, the
average of txx can be calculated, which corresponds to
the normal stress component of the x direction of the
stress tensor T. Apparently, tyy and tzz can be derived
in the same way, and following Eqs.(9)−(14), we can
obtain the isotropic pressure and normal stress differ-
ences.

Figure 4 shows the dependences of the normal stress
differences and isotropic pressure on the 3/2 power of
shear rate. At low shear rates, s1 and s2 are both close
to zero, which indicates the equilibrium state of the
fluid. While with the increase of the shear rate, s1 in-
creases greatly to large positive values and s2 has a
slight decrease, leading to negative values. And the ab-
solute values of s1 are greater than that of s2 at all time.
Also, linear variance can be observed which agrees with
the theory in Ref.[28]. In terms of the macroscopic hy-
drodynamics of non-Newtonian fluids, the normal stress
effects discussed above are responsible for lots of in-
teresting phenomena, like Weissenberg effect, of liquid
polymers.

To explain the non-Newtonian behaviors under
steady shear, we use the pair radial distribution func-
tion g(r) as the monitor of the shear induced structural
changes. It gives the probability of finding a pair of
atoms a distance r apart, relative to the probability of
a random distribution at the same density [23]. To di-
rectly compute g(r), we can use the following equation
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FIG. 5 Pair radial distribution function for two shear rates.

[23]

g (r) = ρ−2

⟨∑
i

∑
j ̸=i

δ (ri) δ (rj − r)

⟩

=
V

N2

⟨∑
i

∑
j ̸=i

δ (r− rij)

⟩
(16)

Figure 5 shows g(r) in two shear rates. The first peak
of g(r) arises just around r/σ=1.0, where the attrac-
tion and repulsion have a balance. We find that g(r)
is larger for a stronger shear flow when r/σ<1.0, i.e.
at the ascent stage of the first peak, and this indi-
cates the molecules are getting closer to each other for
a higher shear rate. Oppositely, g(r) becomes smaller
for a stronger shear at the descent stage of the first
peak. The above observation may suggest that for a
larger shear rate the repulsion is more powerful while
the attraction is weaker. Through the calculation of the
repulsive and attractive parts of the potential energy,
we confirm this conjecture: In Fig.6, the attractive Ua,
repulsive Ur and the total potential energies U under
different shear rates are plotted. The absolute values of
Ua and U decrease monotonically with the shear rate,
while the trend for Ur reverses. Apparently, the attrac-
tive potential energy dominates over the repulsive one
and the trends agree with the rule obtained from the
analyses of the radial distribution function.

B. Oscillatory shear flow

As shown in Fig.1, we choose a fixed value of the
velocity amplitude vx0 and by controlling the number of
atoms applied with ±vx0 in slab 1 and slab n/2+1, the
stress amplitude is also fixed. We gather the statistics
from slab 1 under different angular frequencies. The
shear stress at slab 1 can be expressed as

τ = τ0 cos(ωt) (17)

which can be rewritten in the complex form

τ = τ0e
iωt (18)

FIG. 6 Dependence of the total (U), attractive (Ua) and
repulsive (Ur) parts of the potential energy on the shear
rate.

Correspondingly, the response of the velocity field at
the boundary gives the shear rate

γ̇ = γ̇0e
i(ωt+180◦+ϕ) (19)

Then, the shear viscosity is in the form of

η = − τ

γ̇
=

τ0
γ̇0

cosϕ− i
τ0
γ̇0

sinϕ (20)

And the real and imaginary parts can be defined, re-
spectively, as

ηr =
τ0
γ̇0

cosϕ (21)

ηi =
τ0
γ̇0

sinϕ (22)

Finally, we can obtain the shear strain and modulus

γ = γ0e
i(ωt+90◦+ϕ) =

1

ω
γ̇0e

i(ωt+90◦+ϕ) (23)

G =
τ

γ
= −ωτ0

γ̇0
sinϕ− i

ωτ0
γ̇0

cosϕ (24)

where the elastic modulus and viscous modulus are

G′ =
ωτ0
γ̇0

sinϕ = ωηi (25)

G′′ =
ωτ0
γ̇0

cosϕ = ωηr (26)

We assume that the fluid exhibits linear viscoelastic re-
sponse to the imposed shear stress, which is a sinusoidal
function of time. This means the shear rate amplitude
should be small enough to avoid the nonlinear effects.
Then, under this circumstance, Eqs.(17)−(26) are ap-
plicable. Otherwise, to derive the complex viscosity, the
calculation of a Fourier transform of the equilibrium au-
tocorrelation function of the shear stress will be needed
[15].

In Fig.7, we plot the velocity profiles along the x di-
rection for three different angular frequencies. The ve-
locity data points are averaged from different time steps
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FIG. 7 Instantaneous velocity profiles along the x direction
for different angular frequencies obtained from the average
at t=Tp/4+kTp (k=0, 1, 2, . . .).

FIG. 8 Time dependent shear stress and shear rate under
ω∗=5π.

t=Tp/4+kTp (k=0, 1, 2. . .) at the same phase, where
Tp stands for the period. It should be noted that at
a relatively small frequency (ω∗=0.01π) the profile is
almost linear, while at large frequencies (ω∗=0.25π, π)
the profiles exhibit distinct nonlinear features. For the
latter case, even some approximate still flow fields in
the middle can be observed. The above phenomena are
mainly due to the fact that the oscillation is only ap-
plied at the boundary and at the center of the system.
When the angular frequency is too large, the oscillation
does not have enough time to transfer deep into the
system under the present selected time step, and thus
some intermediate regions are not affected.

The time dependent shear stress and shear rate under
ω∗=5π are shown in Fig.8. Two periods are selected to
exhibit the results. Both the shear stress and shear rate
are sinusoidal functions of time, and a phase difference
can be seen between them. Figure 9 shows the phase
differences between the shear stress and the inverse of
shear rate under a wide range of angular frequencies. A
monotonic increase with the increase of frequency can
be observed. For the viscous fluid, the phase difference
between shear stress and rate should equal zero. And
for the elastic solid it should equal 90◦, which means the

FIG. 9 Dependence of the phase difference between the
shear stress and the inverse of shear rate on frequency.

FIG. 10 Dependence of the real (ηr) and imaginary (ηi)
parts of the complex viscosity on frequency.

shear stress and shear strain are in phase. Our results
suggest that the elasticity dominates at high frequency
even for Lennard-Jones fluids.

Figure 10 shows the real and imaginary parts of com-
plex viscosity. The real part first increases with the
frequency and then decreases. On the other hand, the
imaginary part tends to increase monotonically with the
frequency. We can conclude that at relatively high fre-
quency, the imaginary part holds a bigger proportion
than the real part, which denotes a more important
role of elasticity. In fact, from Eq.(25) and Eq.(26) the
imaginary part of viscosity has similar physical mean-
ing as the elastic modulus and they both indicate the
strength of the elasticity. The elastic modulus and vis-
cous modulus are presented in Fig.11. At low frequency,
the viscous modulus is larger than the elastic one, while
the case reverses at high frequencies. All these findings
manifest the same point that under oscillatory shear
the LJ fluid does exhibit viscoelasticity and at high fre-
quencies the elasticity dominates over viscosity.

IV. CONCLUSION

The non-Newtonian behaviors of Lennard-Jones flu-
ids undergoing steady and oscillatory shear flows are
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FIG. 11 Dependence of the elastic modulus (G′), and vis-
cous modulus (G′′) on frequency.

studied. For steady Couette flow, we observe that the
shear viscosity has a plateau at low shear rates known
as the Newtonian zone and then experiences a sharp
drop at high shear rates. This phenomenon is widely
known as shear thinning. And the normal stress dif-
ferences are also calculated. The results reveal that
the first normal stress difference increases from zero at
equilibrium state to relatively large positive values with
increasing shear rates, while the second normal stress
difference decreases to negative values. This effect il-
lustrates the viscoelastic nature of the simulated LJ
monatomic fluids. We have analyzed the radial distribu-
tion function and potential energy to illustrate that the
repulsion between molecules is more powerful while the
attraction is weaker when the shear rate is higher. This
may be interpreted as it is the change of microscopic
arrangements of the molecules that leads to these non-
Newtonian phenomena. In the study of the oscillatory
shear flow, we demonstrate that Lennard-Jones fluids
are actually viscoelastic fluids and the elasticity domi-
nates over viscosity at relatively high frequencies. The
elaboration is carried out through the following perspec-
tives: The phase difference between shear stress and
shear rate increases with the frequency; the imaginary
part of viscosity dominates over the real part at high
frequencies; the elastic modulus dominates over viscous
modulus at high frequencies. These three findings are
in great coincidence with each other and support the
idea of viscoelasticity in Lennard-Jones fluids. There
are actually no one-hundred-percent viscous fluids and
the elasticity should be put forward to explain the non-
Newtonian phenomena. From our simulations, it can
be summarized that Lennard-Jones fluids do have very
similar rheological behaviors to complex fluids.
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