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Investigations on ultrafast heat conduction are of great importance not only for the theoretical under-
standing of thermal transport, but also the applications of ultra-short pulse laser including the micro-
machining and the measurements of thermophysical properties of micro/nanomaterials where phonons
propagate in ballistic-diffusive regime. In this work, the thermal wave in phonon ballistic-diffusive
regime is systematically studied by the Monte Carlo (MC) simulation method. Simulation results show
significant influence of the phonon boundary emission conditions, i.e. boundary conditions of phonon
Boltzmann transport equation (BTE), on the thermal wave propagation. The MC simulations with phonon
Lambert emission (LE) predict a dispersive dissipative thermal wave while the MC simulations with
directional emission (DE) predict a non-dispersive dissipative thermal wave. Temperature peak in the MC
simulations with LE damps more rapidly than that in DE cases, and heat flux in MC simulations with DE
damps exponentially while that in with LE does not. Dispersion relations and wave vector spectrums of
thermal waves are determined by the phonon boundary emission, proven by theoretical analyses based
on the phonon BTE. The indexes of energy mean square displacement (MSD) relationwith respect to time
are larger than 1 but less than 2 and decrease as time increases, showing that phonons propagate in
ballistic-diffusive regime and evolve from ballistic to diffusive. Effects of the reflection boundary on
thermal wave propagation are also investigated and it is found that the temperature overshooting
phenomena, due to the wave propagation of heat, is significantly influenced by the properties of both
emission and reflection boundaries.

© 2016 Elsevier Masson SAS. All rights reserved.
1. Introduction

Wide applications of the ultra-short pulse laser technique in
micromachining [1,2] and thermophysical property measurements
[3e6] make the studies on ultrafast heat conduction necessarily
essential. In general, heat conduction is described by the classical
Fourier’s law which implies that heat propagates in diffusive
regime [7]. However, for ultrafast heat conduction, Fourier’s law
predicts an infinite speed of heat propagation due to its diffusive
feature, deviating from the experimental results which show that
heat propagates as thermal waves (or heat waves) [8,9]. When the
characteristic time and length of the thermal transport are com-
parable to the phonon relaxation time and phonon mean free path
.

erved.
respectively, phonons propagate also as thermal waves in ballistic-
diffusive regime [10].

In the past decades, there are many theoretical and modelling
researches on the ultrafast thermal transport. Cattaneo [11] and
Vernotte [12] proposed a new constitutive heat conduction model
(C-V model) by adding the derivation term of the heat flux to time
to Fourier’s law. The C-V model predicts the wave propagation of
heat. Jeffrey [8] extended the C-V model with a more complex
integral kernel. Tzou [9] considered the mutual delay between the
heat flux and the temperature and proposed the dual-phase-
lagging (DPL) model. By using the DPL model [13,14] and the hy-
perbolic heat conduction model [15], temperature overshooting
phenomena at the reflection boundary was studied. Recently,
Majumdar [16] derived the phonon radiation transport equation
based on the phonon Boltzmann transport equation (BTE) by
analogy between phonons and photons. Chen [17] put forward the
ballistic-diffusive heat conduction equation by solving the phonon
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BTE with the modified differential approximation method. Guo
et al. [18,19] studied the thermal wave based on the thermomass
(TM) theory. By solving the TM model, the C-V model and the DPL
model numerically, Zhang et al. [20,21] studied the dispersion and
damping of thermal waves. Miranda et al. [22] obtained the
constitutive equation between the heat flux and the temperature
based on the exact solution of the phonon BTE. Besides, simulation
methods, including molecular dynamics (MD) simulation, lattice
Boltzmann methods (LBM) and Monte Carlo (MC) simulation, are
also used in ultrafast thermal transport researches. Tsai et al. [23]
and Kim et al. [24] performed MD simulations on heat propagation
in simple lattice and multiwall carbon nanotube respectively, and
Yao et al. [25] firstly studied the thermal wave propagation in
graphene. Xu et al. [26] performed the LBM simulation on ballistic
and non-Fourier thermal transport with laser heating. Lacroix
et al. [27] and Hua et al. [28] developed the MC methods for
ballistic-diffusive thermal transport respectively to solve the
phonon BTE and studied the ultrafast heat conduction in silicon
nanofilms.

Based on the phonon BTE, it is required for heat wave propa-
gation that phonon quasi-momentum is kept during the transport
process (called momentum condition) and no dispersion (or
limited dispersion) occurs for phonons energy (called energy con-
dition). For the momentum condition, it is required that phonon
scattering process is dominated by the normal phonon-phonon
scattering (tN << t < tR,tB where t is the characteristic time of
thermal transport andtN,tR,tB are phonon relaxation time for
normal scattering process, resistive scattering process and phonon-
boundary scattering processes, respectively) or phonons propagate
in ballistic regime (t << tN,tR,tB). These two cases correspond to
two kinds of thermal waves [29]: the second sound [30e33] and
the ballistic thermal wave [25,28,29,34] respectively. However,
these two kinds of thermal waves are not distinguished clearly in
the existing models [8,9,11,12,18e20]. For single-crystal semi-
conductor under room temperature, when phonon relaxation time
and phonon mean free path are in the order of picoseconds and
nanometers respectively, the momentum condition is satisfied for
ballistic thermal wave in ultrafast heat conduction. While the en-
ergy condition is important for the presence of the thermal wave, it
has not been discussed yet.

Here, we firstly investigate the ballistic thermal wave (the
thermal wave in phonon ballistic-diffusive transport) by directly
solving the phonon BTE (only phonon resistive scattering term is
taken into consideration) with the MC method. A study on the
propagation of the ultra-short heat pulse in single-crystal silicon
naonfilms is carried out, and comprehensive understanding on the
thermal wave are obtained with systematic analyses on temper-
ature and heat flux results under same macroscopic boundary
condition but different microscopic boundary conditions.

2. Monte Carlo simulation

A Monte Carlo (MC) technique [35,36], which directly solves the
phonon BTE by simulating the corresponding physical processes, is
adopted in this work. The simulation system is presented in Fig. 1.
Both the emission and reflection boundaries are perpendicular to
the x direction, and there are no confinements in y- and z-di-
rections. Thus, heat pulse propagates along the x direction. The
initial temperature is set to be T0 ¼ 300 K, i.e. room temperature. At
the initial moment, t ¼ 0, a heat pulse with specific function and
period 2 ps is input to the film. Adiabatic boundary conditions are
set after the pulse heating for both emission and reflection
boundaries, which is a reasonable boundary condition considering
the practical cases [3e6]. Phonons in films scatter at the boundaries
and are reflected diffusively, and the phonon-phonon scatterings
are characterized by the relaxation time approximation, i.e. the
isotropic scattering. Phonons emissions at the boundary are set to
be Lambert emission and directional emission (directional emission
in the present work is expressed by the angle q between the
phonon velocity and the x direction).

In ours simulations, the film is divided into 1000 slabs and the
number of phonon bundles are set to be 108. The temperature is
calculated by using its relation with the number of phonons scat-
tered in specific slab and the heat flux is calculated by counting the
phonons transmitting the specific position per area and per time.
More details can be found in Refs. [28,34e36]. For phonon disper-
sion relations and frequency spectrum, Debye approximation and
gray approximation are adopted respectively [28,37]. The effects of
the crystal structure of the single-crystal silicon are not taken into
consideration. Phonon velocity v, which is set to be the phonon
group velocity vg in simulations, and the phonon mean free path l
are set to be 5000 m/s and 56.2 nm [10], respectively. As a result,
the phonon relaxation time of resistive scattering tR is
11.2 ps (tR ¼ l/vg). Specific heatcV and densityr of the bulk materials
are used for the thin film in simulations. The thickness L of the film
are set to be 120 nm, 56 nm and 24 nm respectively.

In the present work, we investigate the heat flux pulse condition
which has been widely adopted in experimental and numerical
studies [3e6,20]. As shown in Fig. 1(a) and (b), the pulse function
are selected to be sinusoidal and rectangle functions respectively,
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where qmax ¼ 5� 1011 W/m2, t0 ¼ 2 ps, and up0 ¼ 3.14 rad ps�1. And
the initial conditions are

T ¼ T0; t ¼ 0;0 � x � L;
q ¼ 0; t ¼ 0;0 � x � L:

(3)
3. Results and discussions

3.1. Boundary phonon emission

In analogy to the discussions on surfaces in radiation heat
transfer [38] and based on the relevant phonon experiments
[39,40], the phonon boundary emissions in MC simulations are set
to be the Lambert emission and directional emission respectively.
Theoretically, MC simulations are carried out to solve the phonon
BTE (under gray approximation)

vf
vt

þ v$Vf ¼ �f0 � f
tR

: (4)

with the boundary condition,

f ¼ fwðtÞ; (5)

where f is the phonon distribution function, f0 ¼ 1=ðexpðZu=kBTÞ �
1Þ is the equilibrium phonon distribution function and fw is the
distribution function at the boundary. The boundary emissions in
MC simulations correspond to the boundary conditions of the
phonon BTE with the following relations [28],



Fig. 1. Schemes of heat pulse and simulation system of thin film. (a) sinusoidal-function heat pulse; (b) rectangular-function heat pulse; (c) simulation system with scattering
regime of phonon-phonon and phonon-boundary.
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GðqÞ ¼
Zq

0

r
�
q0
�
cos q0 sin q0dq0; (6)

where r(q0) is the part of the boundary distribution function relative
to the angle only at specific position and G(q) is the random
quantity distributing from 0 to 1 uniformly which is namely the
emission function in MC simulations. Thus, the Lambert phonon
emission corresponds to the boundary condition of the equilibrium
distribution function f ¼ f0 while the directional phonon emission
corresponds to that of a delta function f ¼ Fdð k!� k

!
0Þ inwhich F is

the total phonon number, k
!

and k
!

0 are phonon wave vectors.
More details of the relevance between emission settings (micro-
scopic boundary conditions) and macroscopic boundary condition
could be found in Ref. [29].
3.2. Temperature and heat flux evolution

As shown in Fig. 2, the temperature profiles with Lambert and
directional emissions are both calculated. The propagation time of
the heat pulse in calculations is 2e20 ps which are comparable to
the phonon relaxation time tR (11.2 ps), as a result, the momentum
condition of the thermal wave is satisfied. To examine the differ-
ence between the different settings of boundary emission, two
different kinds of heat pulse, i.e. the sinusoidal-function heat pulse
and the rectangular-function heat pulse, are used. The MC simu-
lations with LE and DE predict that the heat pulse propagates with
finite speed vg, i.e. the thermal wave front velocity is vg, despite of
the different phonon boundary emission conditions. Besides,
different from the non-dispersive dissipative temperature wave
predicted by the MC simulations with DE, the MC simulations with
LE predict a dispersive dissipative temperature wave: the shapes of
the heat pulse are kept in predictions of the MC simulations with
DE but are not in those of the LE cases. As a result, the shape of
thermal waves in the DE cases are considerably sensitive to the
changes of heat pulse shape at the emission boundary, while in the
LE cases the changes of boundary heat pulse shape can only affect
the shape of the thermal waves within the first 5 ps. Besides, we
plot the temperature profiles with respect to time at specific loca-
tions in Fig. 3(a) and (b). The predictions of the classical thermal
wave model, i.e. the C-V model,

qþ tCV
vq
vt

¼ �kVT ; (7)

where tCV is the relaxation time of the heat flux to temperature
gradient and k the thermal conductivity, are also plotted as com-
parisons. At the front surface (x ¼ 0 nm), the shapes of tempera-
ture profiles by the MC simulations and the C-V model are nearly
the same, especially for the profiles by the MC simulation with LE
and the C-V model, even though their maximum magnitudes are
different. However, those at x¼28 nm show that the MC simula-
tions with DE and LE and the C-V model predict quite different
results. The MC simulations with DE and the C-V model both
predict the prominent wave nature of the heat propagation.
However, they predict the different velocities of thermal waves,
which is shown by that the MC simulations with DE predict a
more rapid temperature response. The MC simulations with LE
predict a lower temperature peak and wider temperature-time
profile which is different from those of the MC simulations with
DE and the C-V model in shape. It could be concluded that the
effect from the boundary emission occurs during the propagation
of heat pulse.

Fig. 4 shows the maximum temperature-time profiles predicted
by the MC simulations with DE and LE and the C-V model. The MC
simulations with LE predict a more severe damping compared with
the MC simulations with DE. In predictions of MC simulations with



Fig. 2. Temperature results of MC simulations with LE under (a) sinusoidal-function heat pulse; (b) rectangular-function heat pulse and MC simulations with DE under (c)
sinusoidal-function heat pulse; (d) rectangular-function heat pulse.

Fig. 3. Temperature profiles with respect to time at: (a) front surface and (b) x ¼ 28 nm.
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DE and the C-V model, the heat pulse propagates as a non-
dispersive wave with energy being focused, and the phonon-
phonon scattering (the attenuation term in the C-V model) is the
only reason causing the damping of the temperature peak. How-
ever, in the LE cases, the heat pulse disperses and energy tends to
distribute uniformly in x-direction during the propagation, leading
to the damping of the temperature peak. As the scattering pro-
cesses are not inadequate in the first several picoseconds, the
dispersion is the main reason that should be responsible for the
damping of the temperature peak in the LE case.

In order to have an intuitive understanding on the damping of
thermal waves, the damping of the heat flux is calculated with the
method used in Ref. [21]. In this method, the definitions of the
damping factor and damping level are
x ¼ Ld=
ffiffiffiffiffiffiffiffi
atR

p
(8)

εq ¼
q
�
xqp0

�
� q

�
xqp0 þ Ld

�

q
�
xqp0

� (9)

respectively. xqp0 is the reference location (the location of the
reference wave front), Ld is the distance between the current wave
front and the reference wave front, qðxqp0Þ and qðxqp0 þ LdÞ are the
max values of the reference heat flux wave and the current heat
flux wave respectively, and a is the thermal diffusivity. As shown in
Fig. 5(a) and (b), the �ln(1 � εq) vs. x profiles for MC simulations



Fig. 4. Temperature peak profiles with respect to time.
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with DE and LE and the C-V model are obtained. Good linearity of
the profiles of the MC simulations with DE and the C-V model in-
dicates that heat flux damps as exponential function. Theoretically,
the exponential damping results from that the resistive scattering
probability function is an exponential function. However, the MC
simulations with LE predict a nonlinear �ln(1 � εq) vs. x profile and
a more severe damping of the heat flux. This could be explained as
the result of the dispersion of the thermal wave as we mentioned
above. The slopes of the profiles by theMC simulations with DE and
the C-V model are different. Actually, the thermal diffusivity in the
MC simulations with DE should be

a ¼ k
rcV

¼ vl; k ¼ rcVvl; (10)

while the thermal diffusivity in the C-V model is

a ¼ k
rcV

¼ 1
3
vl; k ¼ 1

3
rcVvl: (11)

which is because that v2x ¼ 1=3v2g ; vx ¼ vg cosðqÞ, the diffusive
approximation is used in the C-V model while v2x ¼ v2g in the MC
simulation with DE due to the directional emission. As a result, the
damping factor for the C-V model and the MC simulations with DE
can be simplified as
Fig. 5. Damping of the heat flux. (a) �ln(1 � εq) vs. x profiles of the MC simulation with DE a
DE where x is set to be 3/Kn; (b) �ln(1 � εq) vs. x profiles of the MC simulation with LE.
xCV ¼
ffiffiffi
3

p

Kn
; (12)

and

xMC­DE ¼ 1
Kn

: (13)

respectively. Plotting the �ln(1 � εq) vs. x profile of the MC simu-
lations with DE with damping factor x ¼ 3/Kn, the similar profile
with that of the C-V model is then obtained, which is shown in
Fig. 5(a).

To have an analytical understanding on the boundary emission
and thermal waves, dispersion relations and wave vector spec-
trums of thermal waves predicted by the MC simulations with both
LE and DE are analyzed. Considering the phonon BTE without
scattering term,

vf
vt

þ vg cos qð Þ vf
vx

¼ 0; (14)

the dispersion relation of distribution function [29],

ut ¼ vg cosðqÞkt ; (15)

can be obtained from the formal solution f(x � vgcos(q)t) which is a
wave solution. ut is the angular frequency of the thermal wave and
kt is the wave vector. As the temperature have a linear relationwith
the distribution function under gray approximation and the
assumption that the heat capacity is constant, the dispersion re-
lations for both two are the same. Thus, the dispersion relation for
thermal wave of MC simulations with LE is

ut ¼ vg cosðqÞkt ; 0� < q<90�; (16)

and q distributes according to the Lambert cosine law. As a special
case, the dispersion relation for thermal wave of MC simulations
with DE is

ut ¼ vg cosðqÞkt ; q ¼ q0; (17)

where q0 is set to be zero in this work. Wave vector spectrums of
thermal waves are shown in Fig. 6(a) and (b), the proportion for
specific wave vector can be calculated according to the distribution
of the angle which is a cosine-function for Lambert emission and a
delta function for directional emission. Difference between the two
nd the C-V model, the dash line is the�ln(1 � εq) vs. x profile of the MC simulation with



Fig. 6. Wave vector spectrums of thermal waves predicted by MC simulation with (a) LE and (b) DE.
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wave vector spectrums is obvious: there is no upper bound for the
wave vector of the thermal wave in MC simulation with LE while
there are both upper and lower bounds for that in MC simulations
with DE. It is just the broader distribution of the wave vector spec-
trum in MC simulations with LE that weakens of the wave propa-
gation of heat. In a word, temperature results corresponding to the
twowave vector spectrums show the requirement for thermalwave
propagation in energyaspect, i.e. the energy condition: there should
be no dispersion during the propagation of the heat pulse.

Energy mean square displacement (MSD) profiles with respect
to time is calculated to investigate regime of phonon transport. The
definition of energy MSD is [41]

s2ðtÞ ¼

Z
ðEðx; tÞ � E0Þðx� x0Þ2dxZ

ðEðx; tÞ � E0Þdx
; (18)

where x is the position, x0 is the position of heat pulse, E(x,t) is the
internal energy of the film at time t and position x, E0 is the initial
internal energyof the thinfilm. FromtheMSD-time relations,wecan
deduce the regime of phonon transport with the following rule [41],

<s2 tð Þ> �
8<
:

t; diffusive
ta 1<a<2ð Þ; ballistic­diffusive
t2; ballistic

(19)

where <.> means ensemble averaging. MSD-time relations for MC
simulationwith DE and LE (under excitation of sinusoidal pulse) are
Fig. 7. MSD-time relations in MC sim
shown in Fig. 7(a) and (b). The indexes in MC simulations with LE,
i.e. 1.88, 1.68 and 1.58 respectively, are larger than 1 but less than 2,
and decrease as time increases, showing that thermal wave prop-
agates in phonon ballistic-diffusive regime and this regime is
evolved from ballistic to diffusive with enough resistive scatterings
happening. MC simulations with DE predict the same rule of the
regime of phonon propagation and its evolution, however, the in-
dexes are different. At the same time interval, indexes in MC
simulation with LE are larger than those in MC simulation with DE
correspondingly, which may result from the different scattering
space distributions and back-scatterings with emission boundary in
both cases.
3.3. Reflection boundary and overshooting phenomena

Effect of the reflection boundary on the propagation of the
thermal wave is investigated in this section. We simulate the
thermal wave propagation in 24-nm- and 56-nm-thick films with
two boundary settings: one is the Lambert emission boundary with
diffuse reflection boundary, and the other is the directional emis-
sion boundary with specular reflection boundary. For thermal wave
propagation in nanofilms, specular reflection would not make a
difference when the incident phonons are not directional (the an-
gles of the incident phonons have distributed nearly uniformly in
wave vector space due to the Lambert emission and few scatter-
ings), and diffuse reflection (with directional emission) could be
equivalent to the Lambert emission. As a result, we select the
combinations of Lambert emission with diffuse reflection and
ulation with (a) LE and (b) DE.
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directional emission with specular reflection. The character times
tB for phonon-boundary scattering in nanofilms of two thicknesses
are 4.8 ps and 9.6 ps (we calculate tB ¼ L/vg) respectively, and they
are both smaller than tR(11.2 ps) and comparable to the calculation
time. As a result, the temperature and heat flux results would be
not only influenced by the phonon resistive scattering but also the
phonon-boundary scattering.

Temperature profiles by the MC simulations with LE and DE
shown in Figs. 8 and 9 predict an overshooting temperature at the
reflection boundary. As what have been confirmed in section 3.2,
phonons propagate in ballistic-diffusive regime with inadequate
scatterings in films. The temperature overshooting phenomena
occurs in phonon ballistic-diffusive transport accompanying with
the occurrence of thermal waves. At t ¼ 6 ps in the 24-nm-thick
film and t¼ 12 ps in the 56-nm-thick film, thermal waves arrive the
reflection boundary and overshooting temperature appears: new
temperature peaks, present at the boundary, are higher than the
ambient temperature, and even higher than the previous temper-
ature peak in the 24-nm-thick film. Correspondingly, negative heat
flux is presented at the boundary, shown in Fig. 10. After the
reflection by the boundary, thermal waves propagate in the oppo-
site direction and the overshooting temperature disappears. The
temperature overshooting phenomena shown in the 24-nm-thick
film is more significant than that shown in the 56-nm-thick film,
which is illustrated in Figs. 8 and 9. That is because proportion of
the ballistic transport decreases and proportion of the diffusive
transport increases in the 56-nm-thick film compared with phonon
propagation in the 24-nm-thick film. The reversion of the heat
conduction direction, indicated by the negative heat flux, results
from the confinement of the reflection boundary. Before the
emission phonons met the reflection boundary, ballistic transport
always enhance the heat conduction in transient case, however,
Fig. 8. Temperature profiles in (a) 24-nm-thick film (t ¼ 2e7 ps); (b) 24-nm-thick film (t ¼ 8e
Lambert emission boundary and diffuse reflection boundary.
once phonons in ballistic regime scatter at the boundary, the
confinement on phonon free path would appear. The phonon
scatterings with reflection boundary are totally resistant for emis-
sion phonons whose direction are all positive.

Theoretically, the overshooting phenomena of temperature is
the result of the wave propagation of heat. The waves are reflected
once they met the wall during the propagation. While the waves
are of finite period, reflecting part and propagating part are su-
perposed in amplitudes. This perspective is confirmed by the
simulation results that the overshooting phenomena is significant
when heat propagates as a non-dispersive wave, shown in Fig. 9.
Due to the dispersion of thermal waves in MC simulations with LE,
the energy of thermal waves disperses, causing that the over-
shooting phenomena inMC simulations with LE is not as significant
as that in MC simulations with DE, which is illustrated by Fig. 8.
While the specular reflection boundary do not change the absolute
value of the angle of phonons but the direction of propagation only,
the non-dispersive thermal wave is kept after reflection and over-
shooting phenomena is significant. For diffuse reflection boundary,
while the thermal wave has been a dispersive wave due to the
Lambert emission, diffuse reflection exacerbates the dispersion and
causes the overshooting phenomena even weaker. As the over-
shooting phenomena is the result of the wave propagation of heat,
it may also occur accompanying with the other kind of thermal
wave phenomena, i.e. the second sound, in a larger spatial scale,
which will be studied in the following works.

4. Concluding remarks

In this work, we study the thermal wave in phonon ballistic-
diffusive transport regime by the MC simulation method.
Comprehensive understanding on the ballistic thermal wave is
10 ps); (c) 56-nm-thick film (t ¼ 2e12 ps) and (d) 56-nm-thick film (t ¼ 13e15 ps): the



Fig. 9. Temperature profiles in (a) 24-nm-thick film (t ¼ 2e5 ps); (b) 24-nm-thick film (t ¼ 6e9 ps); (c) 56-nm-thick film (t ¼ 2e10 ps) and (d) 56-nm-thick film (t ¼ 12e15 ps): the
directional emission boundary and specular reflection boundary.

Fig. 10. Heat flux profiles in 24-nm-thick film predicted by MC simulations with (a) LE (t ¼ 2e6 ps); (b) LE (t ¼ 7e12 ps) and (c) DE (t ¼ 2e8 ps).
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obtained with calculations on the temperature and heat flux pro-
files with and without reflection boundary, energy MSD-time re-
lations and damping of the heat flux.

Heat propagates in a finite speed equal to phonon group ve-
locity. Boundary emissions are of great influence on the tempera-
ture and heat flux profiles, energyMSD-time relations and damping
of the heat flux in MC simulations for ultrafast thermal transport.
The MC simulations with DE predict a non-dispersive dissipative
thermal wave while the MC simulations with LE predict a disper-
sive dissipative thermal wave, which results in a faster decline of
the max-temperature and max-heat flux in the MC simulations
with LE. Indexes of the energy MSD-time relations in LE case are
always larger than those in the DE case which may result from the
different spatial distributions of phonon scatterings and different
back-scatterings with boundary.

Indexes of the energy MSD-time relations are calculated to be
greater than 1 but less than 2, showing that phonons propagate in
ballistic-diffusive regime when the characteristic time of thermal
transport is comparable with the phonon relaxation time. Diffusive
transport tends to share more proportion in phonon propagation as
time increases due to the increase of the resistive scatterings.

Overshooting phenomena occurs in phonon ballistic-diffusive
transport accompanying with the thermal wave phenomena. The
more proportion the diffusive transport shares, and the more
severely dispersive the thermal wave is (i.e. the weaker the wave
propagation of heat in other words), the less significant the over-
shooting phenomena is, which proves that wave propagation of
heat is the reason why overshooting phenomena occurs. Over-
shooting phenomena may also occur in second sound in a larger
spatial scale, which will be further investigated in the future.
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