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The classical variational principle does not exist for parabolic and hyperbolic heat conduction equations,
which has led to the demand for special variational methods for heat conduction. O'Toole (1967) first
used Laplace transforms for the variational principle only for Fourier’s law with the first type of boundary
condition. In this paper, the Laplace transform strategy is extended to other parabolic and hyperbolic heat
conduction models and other types of boundary conditions. Generalized variational principles are given
for heat conduction models including Fourier's law, the Cattaneo-Vernotte (CV) model, the Jeffrey model,
the two-temperature model and the Guyer-Krumhansl (GK) model, based on Laplace transforms. The
Laplace transform method transforms the heat conduction equations of these models into linear varia-
tional equations whose variational principles are already known. For the three standard types of bound-
ary conditions, these generalized variational principles are strictly equivalent to the heat conduction
equations for these models. The Laplace transform method has stronger convergence in infinite temporal
domain problems. In physics, the Laplace transform method is understood as replacing the time dimen-
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sion with the frequency of the temperature change and the rate of the entropy change.
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1. Introduction

Many efforts have been made to formulate variational principles
for dissipative processes including mass diffusion and heat conduc-
tion. The classical methods were pioneered by Onsager et al. [1-3],
Prigogine et al. [4], Biot [5,6], Gyarmati et al. [7,8]. Many other
methods have been developed [9-13] with a rather good classifica-
tion of these methods in the review by Van and Muschik [14]. These
variational principles have been applied to such fields as approxi-
mation methods [15,16] and thermal analyses of some structures
[17,18]. In dynamics, the classical variational principle generalizes
the physical laws or provides methods for solving the differential
equations. However, the conditions for the existence of the classical
variational principle are so strict that many heat conduction models
including Fourier’s law do not have classical variational principle
model. Therefore, these “variational principles” which go beyond
the classical variational principle should be called “generalized
variational principles”. In nonequilibrium thermodynamics which
often involve parabolic equations that do not satisfy the classical
variational principle, these generalized variational principles can
help us better understand the physical processes, develop better
numerical methods and clarify the solution characteristics [14,19].
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O'Toole [20] used Laplace transforms to provide variational
principles for time-dependent transport processes with Laplace
transform [21] U(x,y,z,p) of a function u(x,y,zt) expressed as
Ux,y,z,p) = ~0+x u(x,y,z, t)eP'dt. O'Toole’s gave a generalized
variational principle for Fourier’s law based on Laplace transforms.
However, strictly speaking, O'Toole’s variational principle for the
Fourier heat conduction is only for the first type of boundary con-
dition (Dirichlet), which specifies the boundary temperature, and
he did not discuss under what circumstances this Laplace trans-
form method is feasible. However, there are also two other types
of the boundary conditions which occur frequently in heat conduc-
tion processes, the second (Neumann) and third (Robin) types of
boundary conditions. The second type specifies the boundary heat
flux while third type specifies both the heat transfer coefficient and
the ambient temperature. This work presents generalized varia-
tional principles for Fourier heat conduction for all three types of
boundary conditions. The physical feasibility is then used to pro-
vide a condition which guarantees that the generalized variational
principle is strictly equivalent to the Fourier heat conduction equa-
tion for various types of the boundary conditions.

The variational problem for non-Fourier heat conduction mod-
els, which is related to thermal transport in nanostructures and
laser-heating, is also discussed because although Fourier’s law of
heat conduction accurately describes classical heat conduction
problems, it has some limitations [22-25]. Several modified heat
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conduction models have then been proposed such as the
Cattaneo-Vernotte (CV) model [26,27], the Jeffrey model [23],
the Guyer-Krumhansl (GK) model [28], the two-temperature
model [29]. The Laplace transform method also provides general-
ized variational principles for these non-Fourier heat conduction
models for all three types of boundary conditions. The convergence
and physical meaning of the Laplace transform method are also
discussed.

2. Generalized variational principles based on Laplace
transforms

2.1. Generalized variational principle for Fourier’s law

Fourier’'s law and the energy conservation equation are
expressed as

q+ VT =0, (1)
oT
V-q=—pcv4. (2)

where q is the heat flux, / is the thermal conductivity, T is the tem-
perature, p is the mass density and cy is the specific heat. The ther-
mal conductivity /, the specific heat ¢y and particularly the mass
density p are positive and constant in time and space. Egs. (1)
and (2) can be combined to give the heat conduction equation

aT 1

- - 3

ot pcy v 3)
Applying the Laplace transform F = [ Te "'dt to Eq. (3) leads

to

A P2F — pF - T| 4)

ocy =p t=0-

Eq. (4) is a linear variational equation whose variational princi-
ple is already known [30-32]. For the first type of boundary condi-
tion, the given boundary temperature means that the Laplace
transform of the boundary temperature is also given. Therefore,
the first type of boundary condition for the temperature is also
the first type of boundary condition for F. The generalized varia-
tional principle for the first type of boundary condition is:

o{/// {ﬁ IVF]? 4+ pF? — 2F(T|t0)}dv} o, (5)
D

where D is the spatial domain. The second and third types of bound-
ary conditions can be expressed as

(~q-n+hT)| =0, (6)

where I is the boundary of D, h is the heat transfer coefficient and o
is a constant. Substituting Fourier’s law into Eq. (6) leads to

, 0T B
(A%+ hT) o 0. (7)
The Laplace transform of Eq. (7) is
. OF g

The second and third types of boundary conditions for the tem-
perature are then also the second and third types of boundary
problems for F. Therefore, the generalized variational principle
for the second and third types of boundary conditions are

5{ [[ [ [A49F2 + perpP* ~2pcs (T Jav+ [ <th 4%”) ds} o
JJ JT
D

&)

2.2. Engineering equivalence of the generalized variational principle

These variational principles are shown here to be equivalent to
the heat conduction equation based on the physical feasibility of
the boundary conditions. In engineering heat conduction problem
which is physically feasible, the boundary and initial temperatures
must be finite. In addition, the heat conduction equation, Eq. (3), is
a parabolic equation whose maximum principle guarantees that
the maximum values of the temperature field must appear in the
boundary or initial conditions. Therefore, the whole temperature
field must also be finite, which guarantee the integral
F = [ Te""dt to be convergent. Besides the temperature, the heat
transfer coefficient, h, and o must also be finite. Thus, for physically
feasible heat conduction problems, the Laplace transforms of the
temperature field and boundary conditions must exist, which
shows the feasibility of Egs. (4) and (8). In addition, Eqs. (4) and
(8) are all linear variational types which leads to the equivalence
for the variational principles expressed by Eqs. (5) and (9). Thus
these variational principles can determine the existence and
uniqueness of F. These variational principles can then be shown
to be strictly equivalent to Eq. (3). First, T must be continuous in
time because the heat conduction equation has a time differential
term 2. The convergence of the Laplace transform and the continu-
ity of T guarantees one-to-one correspondence between T and F
from Lerch’s Theorem [21]. Therefore, the variational principles
expressed by Egs. (5) and (9) determine not only the existence
and uniqueness of F but also determine the existence and unique-
ness of T. In summary, for various finite boundary conditions in
engineering problems, the generalized variational principles
expressed by Egs. (5) and (9) are equivalent to Eq. (3).

2.3. Generalized variational principle for the CV model
The CV model [26,27] is expressed as

q+1@+AVT:O, (10)
ot

where 7 is the thermal relaxation time. The heat conduction equa-

tion of the CV model is

ofT  &T ) _,
a—&-TW—EVT. (11)

Taking the Laplace transform of Eq. (11) leads to

Y/ aT
—V°F - F nT — =0. 12
poy ¥ Fm P )F+ o+ DTy + 757 (12)
Eq. (12) is also a linear variational equation. Similar to Fourier’s
law, the first type of boundary condition for the temperature for
Eq. (12) is also the first type of boundary condition for F. Therefore,
the generalized variational principle for the first type of boundary

condition is
) A 2 22 oT
? /// \VFP +(p+1p*)F° = 2| (tp+ 1)T|,g+ 1| |FrdV 3 =0.
D pev Ot |,
(13)

For the second and third types of boundary conditions, substi-
tuting the CV model into Eq. (6) leads to
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, oq\ -
KNT + TE) -n +hT}

=0. (14)
T

The Laplace transforms of Eqs. (14) and (10) are

- g
[(AVFerIQf 1q),_) - n+hF”l_ =5 (15)
Q+ptQ —1q|,_o + AVF =0, (16)
where Q = [ ge Ptdt. From Eq. (16),
_ AVF-1q|,
Q= 1+pt an
Substituting Eq. (17) into Eq. (15) leads to
A OF T 4
{1+pr on 1+pt (‘”f 0 n)+hF} “p (18)

From Eq. (18), the second and third types of boundary condi-
tions for the temperature are also the second and third types of
boundary conditions for F. Then, the generalized variational princi-
ple for the second and third types of boundary conditions is:

5{///‘{AVF2+pcv(p+‘cp2) ZpCV[(‘L'erl T, (,Hg ] }}dv
t=0.
D

+/r{(rp+1)hF2—2w—2ﬁ(q|tzo.ﬁ>}dszo. (19)

However, (q|,_, - n) is still unknown but can be expressed from the
boundary and initial conditions. Equation (6) at t = 0 gives

(<Gl - 1 +hT],o) | =0 (20)
Substituting Eq. (20) into Eq. (19) leads to
S P 2 aT
J /// AVE* +pey(p+1p*)F° = 2pcy (rp+1)T\[:0+TE FdV
B . t=0
D

+/ {(rpﬂ)th4@-2&(@&0—0)}@}:o, (21)
r

which is the final generalized variational principle for the second
and third types of boundary conditions.

2.4. Generalized variational principle for the Jeffrey model

The Jeffrey model [23] is expressed as

q+ 1@4“ kVT + kFr
ot

where kr is the thermal conductivity for Fourier heat conduction

and k is the total thermal conductivity. The heat conduction equa-

tion for the Jeffrey model is

10T 0T k _,.. ke O

_ 2
oo TtV T e VD (23)

(VT) (22)

The Laplace transform of Eq. (23) is

k pke 2p p 8T
(,r)c‘/‘c+loc‘,>V ( 7) <p+ )T‘f oot

_ ke V2
pcv
which is still a linear variational equation. As with the other cases,
the first type of boundary condition for the temperature is also the
first type of boundary condition for F. Therefore, the generalized
variational principle for the first type of boundary condition is

t=0

=0, (24)

t=0

cr P’ér ‘VF| +( E)F27
/// (e avl—_o (25

p+ T!t 0 %ﬂtzoflﬁvvz ‘t O]F

The method in Section 2.3 is again used for the second and third
types of boundary conditions. Substituting Eq. (22) into Eq. (6) leads
to

—o. (26)
r

oq 0 -

The Laplace transforms of Eqs. (26) and (22) are

[(I<VF+ pTQ — 1q,_o + kepTVF — ke TVT],_o) ~ﬁ+hF} ]r - %, 27)
Q +ptQ — 1q|,_o + kVF + kiptVF — keTVT|,_, = 0. (28)
From Eq. (28),
0- _ kVF +keptVF — kptVT| o — 79|, 0 (29)
1+pT

Substituting Eq. (29) into Eq. (27) leads to

k + kepT\ OF T — Y
() S~ T [ Tleo + alo) -] | =2,

(30)

which are also the second and third types of boundary conditions
for F. Then, the generalized variational principle for the second
and third types of boundary conditions is

t=0

{// k+prkp )| VF? +pcvr( )F2 2pcy ‘L'F{(p+ T

oT ke 2
Bty pov T::J}‘W
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(31)

Eq. (20) still holds and the final generalized variational principle is

o [ ks et (-2
D

aT k[: 5
+E =0 pCV T [:0] }dv

+/r {(‘Ep+ 1)hF> —zw—zh (ke T o) -7i+hT], o~ o] }ds} -

(32)

t=0

2.5. Generalized variational principles for other models

This method can also be used to derive generalized variational
principles for other heat conduction models. This section provides
generalized variational principles for two more complex models
using the Laplace transform method.

Anisinov et al. [29] proposed the two-temperature model for
metals with the heat conduction equation expressed as

2
V2T+28 10T. 1 T

2
c2 ar Ve = op Ot +c2 8t2 ’

(33)
where T, is the electron temperature, o is the equivalent thermal
diffusivity, «,. is the thermal diffusivity of the electrons and C is
the heat wave velocity. The Laplace transform of Eq. (33) is
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»

=0. (34)

t=0
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For the first type of boundary condition, the generalized variational
principle is

.~ p 2
s /// 1422 ) \vF P+ (242 )P
C; % Cj
D

1 T,
{cz (V7o 5

) v, - 2w, }Fe}dv} -0
OE CE t=0

(35)

t=0

For the second and third types of boundary conditions, the
methodology is the same as in Sections 2.3 and 2.4. The final gen-
eralized variational principle is

) 22

1 aT,
—2F, {c_f: (pvmfzo 3| T, to} }dv

h poce 2Fc jolo
+/ {k <1 ,2;>F2 o (1 + CE>}dS} (36)

The GK model [28] is a classical model for phonon heat conduc-
tion whose heat conduction equation is

91y 9 2 9T 38T

5 TRC2 Ot 2 Ht2’
where Ty is the single-phonon relaxation time for normal processes,
Tg is the momentum loss relaxation time and c is the isothermal
first-sound velocity. It is worth mentioning that variational prob-
lems about the GK model have been discussed from different views
[33-34]. The Laplace transform of Eq. (37) is

2 3
+ ( _ p)T
t=0 TRC

(142)wr - (22,4 22) - Sier
TRC
- 0. (38)

30T
t=0

de 2
>+OC_EVTE|f:° — C—EV

V3T + (v2 )= (37)

t=0

cz ot
For the first type of boundary condition, the generalized varia-
tional principle is

W AEERE S E

30T 9ty ) o
ot " VT] } }dv}_o. (39)

For the second and third types of boundary conditions, the method-
ology is the same as in Sections 2.3 and 2.4. The final generalized
variational principle is

5{///{( +—9TN>\VF| +(—12€2+_3p >F2
D
—2[< 22+3—f>r 3
TR€2 ' C o
(1+%) { 10
_UHS) s DhF
+/r{<w_f%> (p+TR)

o Ot
2
3TN5C Sovr,- n)} }ds} —0 (40)

9TN

VZT‘ }F}dv

—2F<2a + 0 hT) L+
TrD

3. Characteristic of the Laplace transform method
3.1. Convergence

Generally speaking, the temporal domain of the heat conduc-
tion problem is infinite which requires the convergence of the inte-
gral in the temporal domain. The Laplace transform method
provide stronger convergence for heat conduction variational prin-
ciples because a convergence factor, e7?t, is added by the Laplace
transform. For example, the heat conduction equation for steady
Fourier heat conduction is

V(AVT) = 0. (41)
The variational principle of Eq. (41) is

6{ /{/ [Mvrz]dV} ~0 (42)

For Eq. (42), the integral in the temporal domain is

/Ow dt{ /Z/ mvrﬁdv} - nmtw{t /{ / [wrﬂav}

= +00 (43)

which is not convergent. However, with the Laplace transform
method, the integral of the steady variational principle is

/// {—WF\ +pF?* - 2F(T\tzo)]av. (44)

For steady-state problems,

r+00 T
F— / Te Pde — L. (45)
0 p

Substituting Eq. (45) into Eq. (44) leads to

) et -2pmav

which is convergent.

3.2. Physical meaning

The Laplace transform separates the temperature fields into
components with different frequencies, Imp, and different growth
rates in exponent Rep, where Rep is the real part of p and Imp is
the imaginary part of p. The physical meaning of Imp is clearly,
the frequency of the temperature variation. Rep shows the temper-
ature growth rate as e*®® and has a further physical meaning. For
pure heat conduction problems, the entropy per unit volume, S, can
be calculated as

TdS = pcydT. (47)
From Eq. (47),
T = Cyerv, (48)

where C; is a constant. Therefore, the growth rate given by the
exponential is expressed as ﬂ]Tv % So, the Laplace transform also
breaks the temperature field into components with different rates
of entropy change. The Laplace transform also transforms
T(x,y,z,t) into F(x,y,z,p). Thus, the Laplace transform method
replaces the time dimension with the frequency and the rate of
entropy change. In other fields, e.g. signaling system, the Laplace
transform, where Rep=0, is usually considered as an improvement
of Fourier transformation where Rep =0. When Rep <0, the
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Laplace transform could have a stronger convergence than Fourier
transformation’s. Therefore, the effect of Rep, which is added by
the Laplace transform, is considered to improve the convergence
for Fourier transformation. What's more, Imp is considered to have
a very important engineering and physical meaning, that is the fre-
quency spectrum, while Rep is considered as a mathematical
method for improving convergence. However, from the above
results, we find that for heat conduction problems, Rep is not only
a mathematical method but also the rate of entropy change spec-
trum, which is also very important and meaningful. Different from
other fields, for heat conduction problems, both Rep and Imp have
the same important position.

4. Conclusions

In this paper, O'Toole’s idea of using Laplace transforms to
obtain generalized variational principles is extended to other para-
bolic and hyperbolic heat conduction models and other types of
the boundary conditions. This Laplace transform method has the
following characteristics.

(1) The Laplace transform method turns the parabolic and
hyperbolic heat conduction equations for various models
into linear variational equations with known variational
principles. Generalized variational principles are then
obtained for Fourier’s law, the CV model, the Jeffrey model,
the two-temperature model and the GK model.

(2) The generalized variational principles given by the Laplace
transform method are equivalent to the heat conduction
equation with finite boundary conditions. In addition, for
the three common types of boundary conditions, the Laplace
transform does not change the type of the boundary condi-
tion which also simplifies the variational problems.

(3) The Laplace transform method provides stronger conver-
gence for the heat conduction variational principles because
the convergence factor e is added by the Laplace trans-
form. The physical meaning of this method is demonstrated
to replace the time dimension with the frequency of the
temperature change and the rate of entropy change by trans-
forming T(x,y,z,t) into F(x,y,z,p).
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