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ABSTRACT: In this letter, graded pillared graphene structures with carbon nanotube−graphene intramolecular junctions are
demonstrated to exhibit ultrahigh thermal rectification. The designed graded two-stage pillared graphene structures are shown to
have rectification values of 790.8 and 1173.0% at average temperatures 300 and 200 K, respectively. The ultrahigh thermal
rectification is found to be a result of the obvious phonon spectra mismatch before and after reversing the applied thermal bias.
This outcome is attributed to both the device shape asymmetry and the size asymmetric boundary thermal contacts. We also find
that the significant and stable standing waves that exist in graded two-stage pillared graphene structures play an important role in
this kind of thermal rectifier, and are responsible for the ultrahigh thermal rectification of the two-stage ones as well. Our work
demonstrates that pillared graphene structure with SWCNT−graphene intramolecular junctions is an excellent and promising
phononic device.

KEYWORDS: thermal rectification, pillared graphene, phonon density of states, standing wave,
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Thermal rectifier is the most fundamental thermal/
phononic device that controls the heat/phonon flow

preferably in one direction. Because of its great potential in
applications requiring thermal management,1−5 there has been
great interest in exploring new nanostructure with thermal
rectification effect and studying novel thermal rectification
mechanism.6−15 For example, Chang et al.1 have realized
nanotube based thermal rectifier experimentally. As a primary
building block for phononics, a thermal rectifier or diode is
expected to act as a good thermal conductor if a positive
thermal bias is applied and a poor thermal conductor in the
opposite case of a negative thermal bias. Therefore, thermal
rectifiers with high rectification ratio are highly desired, and
finding more effective thermal rectifiers is highly important for
future applications.
Three-dimensional (3D) pillared SWCNT−graphene nano-

structures (PGNs) constructed with graphene layers as floors

and SWCNTs as pillars hold great promise for future thermal
interface materials.16 Such nanostructure was first presented by
Dimitrakakis et al. in 2008 for enhanced hydrogen storage,17

and many experimental works in synthesis and processing have
exhibited the feasibility of constructing PGNs in the
laboratory.18−20 Although there have been some studies21−24

on the thermal conduction of SWCNT−graphene junction and
3D PGNs, whether thermal rectifier with high rectification
efficiency can be constructed by using SWCNT−graphene
junctions and 3D PGNs is unknown yet.
Recently, Lee et al.7 and Liu et al.25,26 found and proved that

an important mechanism for thermal rectification in graded
nanostructure is the existence of standing waves by simulations.
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The standing wave is generated when the narrow end of the
graded nanostructure is at a higher temperature than the wide
end, and greatly hinders the propagation of phonon waves and
the transfer of the thermal energy. The standing waves play an
important role in thermal rectification in graded nanostructure,
and its function is like the effect of phonon resonance, which
has been reported in periodic array of pillars erected on the free
surfaces.26−28 The primary advantage of this structure is that
the numerous local resonances of the pillars couple or hybridize
with the underlying atomic-level phonon dispersion of the thin
film across its spectrum. Thus, we will take advantage of these
findings by designing a thermal rectifier using pillared graphene
structure with SWCNT−graphene intramolecular junctions.
In this letter, using nonequilibrium molecular dynamics

(NEMD) simulations along with the optimized Tersoff
potential,29 simulations are performed to investigate the
thermal rectification of CNT−graphene junctions and 3D
PGNs. We found that pillared graphene structures with
SWCNT−graphene intramolecular junctions can exhibit ultra-
high thermal rectification; especially the designed pillared
graphene structure in this work can reach 790.8 and 1173.0% at
temperatures of 300 and 200 K, respectively.
First, NEMD simulations are conducted for PGNs using the

LAMMPS software package.30 To facilitate comparing with
literature data, the simulation strategy adopted are almost same
as that by Wang et al.,8 including the method of thermostat,
interatomic potential, simulation time steps, and so on.
Schematics of the configuration for SWCNT-graphene intra-
molecular junctions are shown in Figure 1a, b. The atoms at the
two ends are fixed, and free boundary conditions are applied to
the other two directions. In all the schematic diagrams for
calculation of thermal rectification, green, red and cyan area
denote the fixed part, thermostated part and free part of the
system. A relaxation for the PGNs are carried out under NVT
ensemble at T0 for 5 × 106 time steps (0.4 fs/time step) using
the Nose−́Hoover thermostat, where T0 is the average
temperature of the system. Then NEMD is conducted for
another 12 × 106 timesteps in the NVE ensemble to form a
temperature gradient along the tube axial direction. Following
the suggestion by Wang et al.,8 Berendsen thermostat23 are
adopted for the heat and cold baths. We set temperature T0
(1+Δ) for the bath of wide side and T0 (1−Δ) the bath of
narrow side. Δ is the normalized temperature difference
between the baths of wide and narrow side. The heat flux
due to the applied temperature bias can be calculated as J =
(∂Ehot/∂t + ∂Ecold/∂t)/2, where Ehot and Ecold are the total
energy that has been exchanged from the atoms in the hot and
cold thermostats, respectively.
The thermal rectification (TR) ratio is defined as

η =
−+ −

−

J J

J

( )
100%

(1)

where J+ is the heat flow from wide side to narrow side which
corresponds to Δ > 0, and J− is the heat flow from narrow side
to wide side when Δ < 0.
We first examine the thermal rectification of two different

models of SWCNT-graphene intramolecular junctions, model
TRA and model TRB, as shown in Figure 1. Following the idea
of Lee, the free part of the system in Model TRA and Model
TRB are considered as the nanodevice, and the thermostated
parts can be considered as the thermal contacts. Thus, the
model TRA is shape symmetric nanodevice with asymmetric in

boundary thermal contacts, whereas both the nanodevice and
boundary thermal contacts in model TRB are asymmetric. The
nanotube lengths for TRA and TRB are 9.5 nm. To facilitate
the comparison of the size dependence of the graphene
nanoribbon (GNR) on the thermal rectification effect, the side
length of the GNR exclude the width of the fixed region.
Both TRA and TRB, the thermal rectification, are strongly

size- and temperature-difference-dependent. The |Δ| depend-
ence of thermal rectification ratio and heat flux for Model TRA
and TRB are shown in Figure 1c, d, where the side length of the
GNR region of TRA and TRB are designed as 8 nm. The
behavior of the temperature difference dependence of thermal
rectification and heat flux for TRA and TRB are very similar.
The heat flux J versus temperature difference |Δ| is shown in
Figure 1d. When Δ > 0, J+ increases steadily with Δ, whereas Δ
< 0, J− is smaller. This indicates that the heat flux runs
preferentially along the direction from the wide side to the
narrow side in the junction model TRA and TRB. The
corresponding thermal rectification ratio versus temperature
difference is shown in Figure 1c. It can be observed that both
TRA and TRB have good thermal rectification even when

Figure 1. Calculation of thermal rectification and TR ratio and heat
flux for Model TRA and TRB of SWCNT-graphene intramolecular
junctions: (a) model TRA,(b) model TRB. Green, red and cyan areas
denote the fixed part, thermostated part and free part of the system.
(c) TR ratio vs |Δ| for TRA and TRB; (d) Heat flux vs |Δ|for TRA and
TRB; (e) TR ratio vs side length of the graphene nanoribbon; (f) heat
flux vs side length of the graphene nanoribbon. Δ is the normalized
temperature difference between the baths of wide and narrow side, L is
the side length of the graphene nanoribbon excluding the width of the
fixed region.
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temperature differences are small, |Δ| = 0.1; At room
temperature and with |Δ|≥ 0.2, the rectification ratio of TRA
can approach about 200%.
To understand the size dependence of the graphene region

on the effect of the thermal rectification, we investigated
thermal rectification of TRA and TRB with different-sized
graphene regions. The heat flux vs side length of the GNR is
shown in Figure 1f, whereas the TR ratio vs side length of the
GNR is shown in Figure 1e. Here |Δ| is set as 0.2. The TR ratio
first increases with the side length of the GNR region, reaches a
peak value when side length GNR is 8 nm, and then begins to
decrease with the side length of the GNR region. This implies
that increasing the side length of GNR to enlarge the size
asymmetric cannot always enhance the rectification ratio. For
TRB, the curve also rises first and then falls, and the maximum
value appears at the side length of the GNR region of 12 nm.
It can be observed from Figure 1f that the drop in the heat

current J− corresponds to the peak values of TR ratio in Figure
1e when the side length is 8 nm for TRA and 12 nm for TRB. It
means both TR ratio and their corresponding heat flux are
sensitive to the side length. In addition, the reason for the drop
in the heat current J− when the side length is 8 nm for TRA is
explained in detail in the Supporting Information, and the
explanation for the case of 12 nm for TRB is similar.
Lee et al.7 have reported asymmetry in boundary thermal

contacts play an important role in the thermal rectification in
shape asymmetric nanodevice. Although they have demon-
strated the size asymmetry in boundary thermal contacts can
significantly affect the magnitude of thermal rectification, it is
still unclear whether the thermal rectification in shape
symmetric nanodevice with asymmetric boundary thermal
contacts is a result of both the effects of shape asymmetry
and the asymmetry in boundary thermal contacts. In the system
of the investigation of Lee et al., the device and the thermal
contact are seamlessly contacted, and both the thermal contact
reservoirs and the nanodevice in their system are in the same

crystalline material. Following their strategy, in TRA as shown
in Figure 1a, a shape symmetric nanostructure, carbon
nanotube, can be considered as the device in the system, and
the thermostated part of the GNR region and SWCNT region
on the two sides can serve as the thermal contact reservoirs.
Thus, it implies that the asymmetry in boundary thermal
contacts can solely determine the thermal rectification in a
shape symmetric nanodevice. The effect of the size asymmetric
boundary thermal contacts on thermal rectification is even
more significant than that of the device shape asymmetry.
As obtained from above, SWCNT−graphene intramolecular

junctions have exhibited good potential as thermal rectifier;
however, their thermal rectifications are still limited. Therefore,
in the following, we will investigate how to design a more
efficient multilevel thermal rectifier using the SWCNT−
graphene intramolecular junctions as building blocks.
We first construct a graded two-stage thermal rectifier, PGN-

A, using the above TRA and TRB as building blocks, as shown
in Figure 2a. It can be considered as consisting of 4 TRA and
one TRB. The tube length in TRA part is about 4.8 nm and the
tube length in TRB part is about 4.67 nm. The side length of
the GNR on the left (excluding its fixed part) is 14 nm, and the
side length of the GNR in the middle (excluded its fixed part) is
6 nm, where the width of the fixed region is set as 0.4 nm. Here
the size of each component in PGN-A and PGN-B is not
optimized. When setting the size for PGN-A and PGN-B, we
just want to make the external profile of the nanostructures
look more like a cone as a whole in order to make a graded
pillared graphene structures.
For PGN-A, the thermal rectification ratio and the heat flux J

versus average temperature are shown in Figure 2b, c
respectively. Interestingly, such a pillared graphene structures
with SWCNT-graphene intramolecular junctions can exhibit
very high thermal rectification. Specially, the designed pillared
graphene structure in this work can reach 523 and 766% at
temperature 300 and 200 K, respectively.

Figure 2. TR ratio and heat flux for pillared graphene structure PGN-A: (a) Schematic diagram of PGN-A for calculation of thermal rectification;
green, red, and cyan areas denote the fixed part, thermostated part, and free part of the system. (b) TR ratio vs average temperature for PGN-A; (c)
heat flux vs average temperature for PGN-A ; (d) TR ratio vs |Δ| for PGN-A.
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Moreover, we also construct a graded two-stage thermal
rectifier, PGN-B, consisting of 8 TRA and one TRB, as shown
in Figure 3a. The tubes length are same as those in PGN-A.
The side length of the GNR on the left (excluded its fixed part)
is 16 nm, and the side length of the GNR in the middle
(excluding its fixed part) is 10 nm, where the width of the fixed
region is set as 0.4 nm. For PGN-B, the thermal rectification
ratio and the heat flux J versus average temperature are shown
in Figure 3b, c, respectively. Surprisingly, such a pillared
graphene structures with SWCNT-graphene intramolecular
junctions can exhibit ultrahigh thermal rectification reaching
790.8 and 1173.0% at temperature 300 and 200 K, respectively.
We definitely believe thermal rectifier with much higher

thermal rectification than PGN-B can be constructed by using
more TRAs in the second stage and more stages and optimizing
the size of each components. All this work will be farther
investigated in our future work, which may require more
computational cost. Anyways, we have proposed and
demonstrated a novel method to build a thermal rectifier
with ultrahigh thermal rectification ratio.
To understand the underlying mechanism of the ultrahigh

thermal rectification in graded pillared graphene structure, we
calculate the power spectra of both the pillared graphene
structure and SWCNT-graphene intramolecular junctions. The
power spectrum has been considered as a good qualitative and
quantitative method to explain the heat rectification effect.
Similar to that in ref 7, in our calculation, only the free parts in
the system are considered to be the device, and the
thermostated parts are considered to be the thermal contacts.
In the vibration density of states (vDOS) calculation, we
choose the atoms of the device in the first two unit cells away
from each thermal contact
As shown in Figure 4a, c for TRA and TRB, Δ > 0, the power

spectra of the wide and narrow sides of the device overlap
relatively well in the frequency range. It means the phonons can
go through the device easily with a large J+. Conversely, when Δ
< 0 in Figure 4b, d, obvious mismatch in the power spectra can

be observed in both low and high frequency region. The large
mismatch means the weak correlation between the two ends of
the device, therefore the phonons are difficult to go through the
device and thus lead to very small J−.
Similarly as shown in Figure 4e−h for PGN-A and PGN-B,

the power spectra of the wide and narrow sides overlap well
under positive thermal bias, and more obvious phonon
spectrum mismatch with very significant low frequency peaks
appear under negative thermal bias. The vDOS of the narrow
side is much more sensitive to the temperature change and high
temperature than that of the wide side, resulting in a
pronounced mismatch in vDOS when Δ < 0. In fact, such an
emergence of low-frequency modes in the vDOS of the narrow
side under negative thermal bias has been well-explained in
details in ref 7. The strategy adopted in our simulations is
almost the same as that in ref 7, except we use Berendsen
thermostat rather than the Nose−́Hoover thermostat for the
hot and cold bath. More importantly, in the Supporting
Information, it is clear that the calculated results of the
ultrahigh thermal rectification for PGN-B by using Berendsen
thermostat and the Nose−́Hoover thermostat for the thermal
reservoir is almost same, and very significant low frequency
peaks appear under negative thermal bias in both these two
cases. Thus, the ultrahigh thermal rectification for PGN-A and
PGN-B could be well-understood.
The match or mismatch of the vDOS between the wide and

narrow sides of the device leads to the rectification
phenomenon. To quantify the analysis of the match or
mismatch of the vDOS, the overlaps (S) of the vDOS of the
wide and narrow sides of the device are calculated as follows

∫
∫ ∫

ω ω ω

ω ω ω ω
= −

| − |
±S

P P

P P
1

( ) ( ) d

( ( )d ( )d )
w n

w n
1/2

(2)

Here S± corresponds to the case of Δ > 0 and Δ < 0,
respectively, Pw (ω) is the power spectrum of the wide sides of
the device, and Pn (ω) is the power spectrum of the narrow

Figure 3. TR ratio and heat flux for pillared graphene structure PGN-B: (a) Schematic diagram of PGN-B for calculation of thermal rectification;
green, red, and cyan areas denote the fixed part, thermostated part, and free part of the system. (b) TR ratio vs average temperature for PGN-B; (c)
heat flux vs average temperature for PGN-B; (d) TR ratio vs |Δ| for PGN-B.
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sides of the device. In Figure 4, the calculated S+/S− ratios for
TRA, TRB, PGN-A, and PGN-B are 1.48, 1.21, 2.90, and 3.02,
respectively. The calculated S+/S− ratios for two-stage thermal
rectifiers PGN-A and PGN-B are much larger than the single-
stage thermal rectifiers TRA and TRB, which should be the
reason why the rectification ratios of PGN-A and PGN-B are
much higher than TRA and TRB.
We also tried to explain why the two-stage thermal rectifier

PGN-A and PGN-B have much larger thermal rectification ratio
comparing with the one-stage thermal rectifier TRA and TRB
from the aspect of the standing wave, because some sharp peaks
in vDOS for the narrow ends suggest that the corresponding
vibration modes seem to be of standing wave nature. To
confirm the existence of the standing wave, we calculated the

velocity autocorrelation function (VACF) of the groups of
atoms at the narrow ends for TRA, TRB, PGN-A, and PGN-B
and shown in Figure 5, which correspond to the atoms group
whose vDOS have been calculated and shown above. In Figure
5a, c for TRA and TRB, the periodicity of the VACF indicates
their original signal, the velocities have periodic component
(although is not so stable for TRB), standing waves have been
generated but are not strong enough to dominate the vibration.
For the VACF of the PGN-A and PGN-B shown in Figure 5e,
g, the formation of the standing wave is obvious and has
dominated the vibration at the narrow end. Thus, it indicates
that the two-stage thermal rectifier PGN-A and PGN-B are
more apt to form significant standing wave than the single-stage
thermal rectifier TRA and TRB. It can be observed from

Figure 4. Vibrational density of states (vDOS) per atom: (a) TRA,Δ = 0.5; (b)TRA, Δ = −0.5; (c) TRB,Δ = 0.5; (d)TRB, Δ = −0.5; (e) PGN-A, Δ
= 0.5; (f) PGN-A, Δ = −0.5; (g) PGN-B, Δ = 0.5; (h) PGN-B, Δ = −0.5.
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Figures 2c and 3c that the heat flux in PGN-B is much less than
that in PGN-A, which indicates that the stronger the standing
wave, the less heat will be transported in the system, and the
thermal conductivity of which will be more significantly
reduced. We also conclude that the significant increase in the
thermal rectification ratio of PGN-A and PGN-B is due to the
generation of more significant standing waves.
The calculated frequency of the standing wave in PGN-A and

PGN-B shown in Figure 5e, g is 14.5 THz, which corresponds
to the frequency of the sharp peaks (14.5 THz and 29 THz) in
the vDOS analysis. Additionally, when Δ < 0, in PGN-A and
PGN-B, with more parallel thermal rectifier TRA connected at
the second stage, some of the phonon modes can be
significantly suppressed in the thermal transport; especially,
the value of the peak at ∼29 THz in PGN-B at the wide end is
almost half of that in PGN-A, which means the thermal flux
across the system is further limited. In addition, it can be seen
from the Figure 5b, d, f, and h that the VACFs of the atoms
near the narrow end decayed to zero around 1 ps with
negligible fluctuation. This means no standing waveform at the
narrow side when Δ > 0.
We have demonstrated that SWCNT-graphene intramolec-

ular junctions are promising thermal rectifiers themselves, and
more importantly, they can be used as building blocks for
constructing more efficient thermal rectifiers with ultrahigh
thermal rectification ratio.
In summary, we demonstrate that pillared graphene

structures with SWCNT-graphene intramolecular junctions
can exhibit ultrahigh thermal rectification. Specifically, the
designed pillared graphene structure in this work can reach

790.8% and 1173.0% at temperatures 300 and 200 K,
respectively. The ultrahigh thermal rectification is attributed
to both the device shape asymmetry and the size asymmetric
boundary thermal contacts, and the effect of the size
asymmetric boundary thermal contacts is even more significant
than that of the device shape asymmetry. Our work
demonstrates that pillared graphene structure with SWCNT−
graphene intramolecular junctions is an excellent and promising
practical phononic device.
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