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While diffusive, superdiffusive, and ballistic phonon transports have been widely investigated, the
superballistic phenomenon, where the time index of the energy mean square displacement with
respect to time is greater than 2, has been neither predicted nor observed. In this work, we report on
the superballistic characteristics obtained from simulations of transient phonon ballistic-diffusive
transport both during and after the input of a heat pulse into a nanoscale film. The superballistic
behaviors are well described by a previously proposed model for electron wave packet spreading
employing a point source and further explained by the superposition effect of heat pulses. The rela-
tive superposition time, a dimensionless parameter, is defined to describe the degree of the heat
pulse superposition. The analysis of superballistic characteristics in this work is expected to guide
experiments for detecting the phonon superballistic transport. Also, it provides a potential phenom-
enological description for the superballistic phenomena in more complex systems. Published by

AIP Publishing. [http://dx.doi.org/10.1063/1.5003639]

Transport phenomena, such as phonon transport and
electron transport, can be divided into different regimes
according to the energy mean square displacement (MSD)-
time relationships based on the Brownian motion theory.' ™'
The energy MSD is defined as>*

X
J (E(x,1) — Eo)(x — x) dx
(o%(1)) == ~ )

JX(E(x, t) — Eo)dx
0

where (.) represents an ensemble average, X is the maximum
propagation distance, E(x,t) is the total energy at position x
and time ¢ during the propagation process, E is the back-
ground energy, Xo is an initial position, and f is the time
index. Generally, the energy MSD is a power function of
time, and the value of f differs for different transport
regimes. Diffusive transport (f = 1), which is regarded as
the general form of transport, has been widely investigated.'?
Subdiffusive transport (f < 1),'*'® superdiffusive transport
(1 < p < 2),>>'1972 and ballistic transport (f = 2)**>* have
also been observed and discussed under both classical’™ and
quantum conditions.®™'! It was generally accepted that < 2
for all types of transport until Hufnagel et al.*° proposed the
superballistic (f > 2) spreading of the electron wave packet,
in particular, quantum systems. Recently, the superballistic
transport of the optical wave packet in hybrid ordered-
disordered photonic lattices was also experimentally studied.’
However, superballistic transport has not been defined strictly.
It is often explained as conditions where a particle moves
faster during the transport process, as reflected by the MSD-
time relationships.®"' Several descriptions have been pro-
posed for superballistic transport, which generally contain
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fractional kinetic equations,”® asymptotical solutions of the
continuum-time random walk,’' and generalized Langevin
equations.’ Siegle er al.> investigated hyperdiffusion phe-
nomena originating from long-range velocity correlations by
means of a generalized Langevin equation, based upon which
the authors proposed a model of the force field and the initial
thermal bath. Generally, force field models for non-diffusive
transport are complicated and nonlinear and involve time
dependencies, resulting in a non-Markovian process. Zhang
et al.? studied non-diffusive electron packet spreading in sev-
eral different types of quantum system lattices, including
quasi-periodic lattices, disordered lattices, ordinary lattices,
and combinations thereof. Actually, superballistic transport
can occur for different kinds of quantum excitations besides
electrons. Zimbardo ef al. analyzed the ion superballistic
transport in tearing driven magnetic turbulence.® Tubini er al.
investigated the exciton transport coupled to an underlying
spatially extended nonlinear chain of atoms and found that the
propagation is faster than ballistic at the very first stage when
the exciton-phonon coupling strengths are large.*

While past studies have considered superballistic phe-
nomena, these phenomena have been neither predicted nor
discussed for phonon transport. Phonon transport is not com-
monly influenced by external fields but by phonon-phonon
scatterings. Anomalous physical phenomena and mechanisms
related to various transport regimes may take place. In ultra-
fast/nanoscale phonon transport where the characteristic time
and length are comparable with phonon relaxation time and
mean free path, respectively, phonon transport is limited on
both temporal and spatial scales. Also, different from the elec-
tron and optical wave packet emission, it is not easy to emit a
perfect delta-function heat pulse in thermal experiments,
which raises more problems in thermal experiments for
detecting phonon superballistic transport. In this work, we
report on the superballistic characteristics of ultrafast phonon
transport both during and after the input of a heat pulse into a
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nanofilm, where phonon transport is in the ballistic-diffusive
regime. They are described by a previously proposed model
for electron wave packet spreading employing a point-
source®'* and further explained by the superposition of heat
pulses.

We first simulate the propagation of different types of
heat pulses using the phonon Monte Carlo (MC) technique.
The heat pulses employed and the phonon MC simulation
system are illustrated in Fig. 1. Pulse 1 is a rectangular func-
tion with a heat flux density given as follows:

1
x5x 10", r<t,

2 2
0, 1> 1.

q:

Here, t, = 2 ps. The heat flux densities of pulse 2 and pulse 3
are given as follows:

1 2
—(l—cos<—nt>)x5><10”, t<t,
q= 2 1 3)

0, t>t,.

A sinusoidal function is a general selection that is often used
in heat pulse propagation simulations and experiments.?*3
Here, the periods of heat input are 7, = 2 ps and 0.2 ps for
pulse 2 and pulse 3, respectively. Pulse 4 represents a pair of
pulses based on pulse 3 emitted in succession. The four heat
pulses are employed for the following specific purposes.
Pulse 1 is simulated for studying superballistic phenomena
during the process of heat pulse input into the nanoscale film
(0<r<tp), while pulse 2 is simulated for investigating
superballistic phenomena after the heat-input process is com-
pleted (¢ > 1), i.e., during which the heat pulse propagates
across the nanofilm. Finally, pulse 3 and pulse 4 are simu-
lated to verify our theoretical analyses. The heat pulse propa-
gation process in nanofilms is described by the phonon
Boltzmann transport equation with relaxation time approxi-
mation, which is solved by a phonon-traced MC method?®®
in this work. With the temperature results, the energy MSD-
time relationships can be calculated by Eq. (1). We did not
take into account the effects from the phonon spectrum and
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FIG. 1. (a) Heat pulses employed in the present study and (b) the simulation
system, including phonon emission and phonon scattering.
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phonon dispersion but adopted the gray approximation (an
even phonon frequency distribution is assumed) and Debye
approximation for the phonon spectrum and dispersion rela-
tion in our phonon MC simulations. The phonon group
velocity v, is 5000 m/s, and the phonon relaxation time 7 is
11.2 ps. The phonon mean free path is then calculated to be
56 nm. Since the heat pulse did not arrive at the reflection
boundary in the simulations, the thickness of the nanofilm is
not one of the key parameters. Greater details regarding the
phonon MC simulation method and its settings can be
obtained from previous studies. %"

The superballistic characteristics, present in transient pho-
non ballistic-diffusive transport, are introduced and analyzed in
the heat pulse input process and heat pulse propagation process,
respectively. In the following two paragraphs, we focus on the
former process. Prior to discussion, it is necessary to first
explain the method employed for calculating the energy MSD
during the heat pulse input process. Since the total energy in
the film increases during the input process, Eq. (1) cannot
reflect the increase in the total energy, and the normalization
procedure will affect the final results of 5. Consequently, we
redefine the energy MSD in the input process of heat pulse 1 as

X
(a%(1)) = J(E(x, 1) — Eo)(x — x0) dx, 4)
0

where the normalization procedure has been eliminated. The
energy MSD in the input process can be well fitted by a
power function of time with f=2.96. Based on the above
stated principles, f§> 2 is characteristic of the superballistic
phenomenon. Because the phonon relaxation time is much
greater than the period of heat pulse input, phonon transport
should be theoretically in an almost completely ballistic
regime, which makes it unclear why superballistic character-
istics are involved in this process.

To have a better understanding and description of the
superballistic characteristics occurring during the process by
which the heat pulse is input into the nanofilm, the point-source
model,® originally proposed for analyzing the superballistic
spreading of the electron wave packet, in particular, quantum
systems,® ' is adopted for the photon transport phenomena dis-
cussed in this work because the two scenarios exhibit similar
superballistic characteristics, e.g., a value of f§ that can be
equal to 3. The previously proposed point-source model con-
sists of a point source of electron wave packet emission

P() = exp (=TI1), &)

where I is a constant electron wave packet emission rate and
a variance is given by

Mps(1) J0°° Do JO BN —v(— 1), ()

where —P(¢') is the flux emitted from the point source and v
is the particle velocity. While P(f) =exp(—I7) can be
approximated by the first-order term as P(f) = 1 — I't when
t < 1/T', the cubic term dominates the variance, which is
approximated as
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FIG. 2. Energy MSD-time relationships calculated from the simulation
results of pulse 1 and the point-source model. Superballistic characteristics
obtained during the process of the heat pulse input into the nanofilm are well
modeled using the previously proposed point-source model.*'°

1
Mpg(t) = gvzrﬁ. (7)

In brief, the model assumes that the effect of the localization
of a disordered lattice can be treated as equal to a point
source emitting electron wave packets, where the emission is
a linear function of ¢ in the early period, and the wave pack-
ets propagate in the ballistic regime in a perfect lattice. A
value of =23 then results from a combination of the linear
emission and quadratic ballistic propagation. The require-
ments of this model are well satisfied in the case of pulse 1
because pulse 1 is a rectangular pulse whose emission energy
is a linear function of time, denoted as gt. In addition, pho-
non transport during the time interval of 0-2 ps is in an
almost completely ballistic regime since the characteristic
time is much less than the phonon relaxation time of 11.2 ps.
The value of § = 2.96 ~ 3 from the MC simulations shown
in Fig. 2 is consistent with that predicted by the point-source
model, where we employed the values of v = \/ivg /2 (Ref.
28) and I' = ¢. The results shown in Fig. 2 then confirm that
the superballistic characteristics in the case of pulse 1 can be
accurately modeled using the point-source model based on a
simple physical construct.

The energy MSD-time relationships for pulse 2 calcu-
lated after the input of the heat pulse into the nanofilm, i.e.,
for t > 2 ps, based on Eq. (1) are shown in Fig. 3(a), with the
corresponding values of f# shown in Fig. 3(b). Superballistic
characteristics are again present with > 2 in the early period
of heat pulse propagation. Because the time range of the heat

Appl. Phys. Lett. 111, 113109 (2017)

pulse propagation process is much greater than that of the heat
pulse input process, we can observe that § changes from a
state reflecting superballistic characteristics to that reflecting
ballistic-diffusive characteristics, i.e., from f <2 to f§ > 2.
While a value of 8 in the range of 1-2 can be well explained
and understood from the perspective of phonon ballistic-
diffusive transport, further discussion regarding the case of 8
> 72 is required. Actually, previous investigations related to
MSD-time relationships have focused on delta-function heat
pulse propagation.”* However, a heat pulse cannot be effec-
tively treated as a delta-function pulse when the heat pulse
propagation time is not sufficiently large compared with the
heat pulse period #,. In the following discussion, we focus on
the effect of a non-negligible value of 7, to find the reason
why the observed transient phonon ballistic-diffusive transport
includes superballistic characteristics.

The effect of a non-negligible value of the heat pulse period
can also be called the superposition effect of the delta-function
heat pulses since the heat pulse with a non-negligible period can
be regarded as the superposition of infinite delta-function heat
pulses. To show this effect clearly, we assume a process con-
taining the propagation of two identical delta-function heat
pulses, where one heat pulse is input into the nanofilm at =0
and the other is input at # = #,. Then, we consider these two heat
pulses collectively and calculate the overall energy MSD-time
relationships at ¢ (¢ > ty). For the first heat pulse (with values
indicated by subscripts 1), the energy MSD is given as

X1
J (Ei(x,t) — Eo1)(x — xm)zdx
0 =20, (8)

JXI (El (X, l) — EOl)dX
0

(ai(0) =

Meanwhile, for the second pulse, this is given as

X3
J (E2 (.X, l) - Eoz)()( - x02)2a’x
0 = 2D2(l — to)/jz.

J:)(Z (Ez (X, l) — Eoz)dx

(€))
D; and D, are the corresponding diffusive coefficients.
Then, the energy MSD for both heat pulses collectively is
given as

max(X;,X2)
J (E(x,t) — Eo)(x — Xo)*dx

! . (10

<02(t)> = max (X;,X2)
J (E(x,t) — Eo)dx

0

Pulse 2, tp=2 ps

FIG. 3. Superballistic characteristics
obtained after the process of inputting
heat pulse 2 into the nanofilm: (a)

Energy MSD-time relationships and
(b) time index f.
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which can be written as

J~max(X| X)
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(E] (X, l) — Em)(x — .X()l)z =+ (Ez(x, l) — Eog)(x — )Coz)zdx

<O-2(t)> = jmax(Xl X)

0

Several simplifications must be explained here. Because pho-
non transport is described in this work by the linear Boltzmann
transport equation with relaxation time approximation, the
background energy does not influence the results. Thus, Eq;
and Eq, are set to Eg; = Eg, =0 for simplicity. The location
where the heat pulse is input represents the zero point, i.e., xq;
= xgp = 0. A larger spreading area and greater dissipation will
be obtained for the first heat pulse because it propagates for
a longer period, such that X; >X, and fi; < f,. The total
energy of the two heat pulses in the nanofilm is equivalent
once both have been completely input into the nanofilm at
time ¢ such that

X X5

J(El (x,1) — Egp )dx = J(Ez(x, 0) = Ep)dx =Y _E. (12)

0 0

Based on Egs. (8)—(12), we can simplify the energy MSD of
these two heat pulses collectively as

(a*(r)) = (Dltﬂl +Dy(1— to)”Z) ~ P (13)

Under specific conditions, curve fitting to the energy MSD
values given by Eq. (13) using a power function of time may
yield f > f>. As a result, a larger value of f may be
obtained owing to the superposition of the delta-function
heat pulses. For completely ballistic transport, 1=, =2
such that f§ > 2. To develop a deeper qualitative description
of the superposition effect of heat pulses and the resulting
level of superballistic characteristics, a dimensionless param-
eter denoted as the relative superposition time (RST) is
defined as

RST = ¢,/t, (14)

where 7 is the time of the superposition, which is given as #,
in the case of the propagation of two delta-function heat
pulses and #, in the case of the propagation of a heat pulse
with a non-negligible period. For heat pulses with a non-
negligible period, RST is always less than 1 in the heat pulse
propagation process and decreases during propagation. For a
delta-function heat pulse, RST =0. It is not difficult to show
that, when RST approaches zero, f§ approaches f3,, and both
approach ;. The effect of the superposition of heat pulses
will be observable when a heat pulse of the non-negligible
period cannot be effectively treated as a delta-function heat
pulse unless the propagation time is much greater than #,. In
other words, the effect of the superposition increases with
increasing RST and vanishes when RST is close to or equal to
zero. These analyses regarding the superposition effect are
also applicable for explaining the superballistic characteristics

Y

(El(x, I) — E()l) + (Ez()(, t) — Eoz)dx

observed during the heat pulse input process although a differ-
ence exists in that RST is always equal to 1, and the total
energy in the nanofilm continuously increases during the input
process, which maintains a large value of f5. The above discus-
sion clarifies why superballistic energy MSD-time relation-
ships are obtained from the simulations of phonon ballistic-
diffusive transport: the time index of the ballistic-diffusive
transport (ff < 2) increases due to the superposition effect and
shows the superballistic characteristics (f§ > 2). Furthermore,
to observe the superballistic characteristics in experiments of
transient phonon transport, both the superposition effect and
phonon ballistic-diffusive transport should be required, which
means that both the RST and time Knudsen number (Kn,
= t/f) should be large. Specifically, we present some cases
where requirements can be satisfied as examples here. In
time-domain thermoreflectance (TDTR) measurements, pho-
nons in the metal transducer heated through electron-phonon
scatterings may create a continuous phonon emission source
for measured dielectric films. In ultrafast/nanoscale phonon
transport across an interface, a continuous phonon emission
source for the material on the other side may also be generated
due to phonon localization at the interface. While phonon
ballistic-diffusive transport is guaranteed by appropriate char-
acteristic time, heat pulse conditions ensuring the superposi-
tion effect can be satisfied indirectly with these continuous
phonon emission sources.

To verify our analyses regarding the superposition effect,
simulations involving pulses 3 and 4 were conducted in
which an ultra-short heat pulse with a period #, =0.2 ps was
approximated as a delta-function heat pulse and succession

3.0 T T T T T T T

2.8 —e—Pulse 3 .
- —s—Pulse 4

2.6 .

B (Time index)

FIG. 4. Time index values obtained for pulse 3 and pulse 4. That the values
of f increase due to the superposition of the two heat pulses of pulse 4 and
that the difference between the two cases diminishes with decreasing RST
verify the analysis presented.
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emission of it was approximated as the superposition of the
delta-function heat pulses. The corresponding simulation
results are shown in Fig. 4. We note that the value of f§ in the
case of pulse 4 is always greater than that in the case of pulse
3, showing the superposition effect of the heat pulses on the
energy MSD-time relationships. The values of 5 eventually
reduce to the interval representative of ballistic-diffusive
transport, and the difference between the values of f§ for the
cases of pulse 3 and pulse 4 diminishes with decreasing
RST.

In the phonon MC simulations, we adopt the relaxation
time approximation and gray approximation, without consid-
ering the influence of the phonon spectrum and realistic pho-
non scattering. However, it is reasonable to adopt the
relaxation time approximation for silicon at room tempera-
ture.** The gray approximation is often used in theoretical
investigations of phonon transport. The phonon spectrum
will complicate the results and may play a crucial role, which
will be studied in future work. Since the principle of the
point source model is that an increase in the time index
results from the combination of the propagation process and
emitting process, it has nothing to do with the approxima-
tions adopted in our simulations, such as the gray approxima-
tion. Consequently, the principle can work for realistic
physical systems. However, parameters in this model differ
for different transport processes due to their dependence on
the properties of physical systems, e.g., phonon spectrum.
For this reason, further adjustment of parameters is necessary
for realistic physical systems.

In conclusion, we have demonstrated that transient pho-
non ballistic-diffusive transport can include the superballistic
characteristics, where the time indexes of the energy MSD-
time relationships are greater than 2. Detailed analyses were
conducted for these unique phenomena both during and after
the process of heat pulse input into a nanofilm based on sim-
ulations of the propagation of different types of heat pulses
using the phonon MC technique. The results demonstrated
that the superballistic characteristics can be accurately mod-
eled using a point-source model proposed for electron wave
packet spreading and that these phenomena can be further
explained by the superposition of heat pulses according to a
dimensionless parameter RST. With a potential phenomeno-
logical description for the superballistic characteristics, this
work will help to better understand relevant experiments and
provide guidance for detecting the superballistic phonon
transport.
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