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ABSTRACT

Obtaining the thermophysical properties and film thickness of micro-nanoscale heterostructures is essential for thermal management in semi-
conductor devices. However, non-invasive and numerically efficient extraction of multiple thermal parameters remains challenging due to the
complexity of the inversion problem. In this study, we propose a parameter inversion technique based on a novel approach to spectral analysis
of thermal transient responses. First, the Discrete Spectral Bayesian Deconvolution method is introduced to extract well-resolved spectral lines
from junction thermal responses, forming the foundation of a parameter inversion algorithm. Second, it is applied to two-layer heterostructures
with imperfect thermal contact, where an analytical solution for transient heat conduction is derived and the numerical accuracy of the inver-
sion solver is verified. Finally, case studies are conducted on nanoscale Silicon-on-Insulator (SOI) and microscale GaN-on-SiC using simulation
data, as well as microscale SOI using experimental data. The inverted thermophysical properties and film thickness exhibit relative errors below
10% when compared to the reference values, highlighting the algorithm’s robustness and generalizability. This study offers a non-destructive
and adaptable framework for thermal parameter measurement across diverse material compositions and feature sizes.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0272650

I. INTRODUCTION

Estimating the thermal parameters of semiconductor hetero-
structures is critical for effective device thermal management.
Semiconductor devices, which typically consist of multilayer solid
materials and interfaces,1 can be divided into multiple heterostruc-
tures such as GaN-on-SiC in RF and power electronics2,3 and
Silicon-on-Insulator (SOI) for logic circuits.4,5 As integrated circuits
continue to scale down and stack over, thermal challenges have
become as a primary bottleneck, limiting device performance and
reliability.6–9 Strategies such as thermal aware design10–12 and
dynamic thermal management13–15 offer promising solutions for
early-stage optimization and in situ regulation. However, their
effectiveness hinges on accurate thermal property inputs for the
underlying heterostructures.16–19 The existing measurement
methods, as highlighted in our prior work, rely on reference
samples and labor-intensive finite element method (FEM) fitting,

limiting their ability to detect multiple thermal parameters
simultaneously.20

Thermal transient analysis, which examines temperature
changes over time at the junction, provides a non-invasive and effec-
tive pathway to tackle this challenge. One of the pioneering works
was proposed by Szekely et al., who used a thermoelectric analogy
and network synthesis to convert thermal transient responses under
step excitation into thermal structure functions, characterizing
thermal resistance and capacitance along the heat flow path.21,22

Other methods, such as least-squares estimation,23 multi-exponential
fitting,24 and Bayesian deconvolution,25 represent thermal transient
behavior as a time-constant spectrum. These methods, grounded in
robust and general signal-processing algorithms, are widely used for
analyzing thermal transient responses.26–28

However, directly extracting the fundamental thermal parame-
ters—such as thermal conductivity, heat capacity, interfacial
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thermal conductance, and film thickness—remains a challenging yet
valuable task. Although thermal structure functions have been used
to measure thermophysical properties,20 the time-constant spectrum,
a more intuitive and general representation of thermal transient
behavior, remains underexplored. First, analytical models have been
derived for single-layer structures29 and multilayer structures with
ideal interfaces using Laplace transforms and Green’s functions.30

However, solutions for non-ideal interfaces in heterostructures are
lacking. Additionally, methods like Tikhonov regularization31 and
least-squares estimation32 have achieved heat source inversion but
struggle with multi-parameter inversion in composite structures.

This study presents an inversion technique for estimating the
thermal parameters in micro-nanoscale heterostructures, utilizing
spectral analysis of thermal transient response. Section II introduces
the methodology for thermal parameter inversion, including the
Discrete Spectral Bayesian Deconvolution (DSBD) method and the
inversion algorithm. Building upon this, Sec. III applies the method-
ology to a two-layer heterostructure with imperfect thermal contact,
deriving the analytical solution for transient thermal conduction and
evaluating the accuracy of the trust-region inversion. Finally, Sec. IV
presents three typical case studies, demonstrating the effectiveness
and versatility of the inversion algorithm across a variety of inversion
tasks, material compositions, feature sizes, and input data types.

II. METHODOLOGY FOR THERMAL PARAMETER
INVERSION

A. Discrete spectral Bayesian deconvolution

1. Step-by-step Bayesian deconvolution

Bayesian estimation is a powerful tool in signal processing and
plays a crucial role in transient thermal analysis.22 The junction
thermal response is initially defined as

ath(t) ;
Tj(t)� T0

q
, (1)

where Tj(t) represents the junction temperature at time t, T0 is the
initial temperature, and q denotes the heat flux density. Assuming a
continuous distribution of time constants, the junction thermal
response is expressed as

ath(t) ¼
Ð1
0 Ψ(τ) 1� exp � t

τ

� �h i
dτ , (2)

where Ψ(τ) represents the time-constant spectrum. Introducing a
logarithmic transformation of time valuable z ¼ ln t and differenti-
ating both sides, we obtain

dath
dz

¼ Ψ(z)�W(z) , (3)

where W(z) ¼ exp(z � exp(z)) and � is the symbol of the convo-
lution operation. To numerically deconvolve this equation and
recover the time-constant spectrum, an iterative approach is
employed based on Bayesian estimation to

Ψ(Nþ1)
m ¼ Ψ(N)

m Σq
WqmMq

ΣpMqpΨ
(N)
p

, (4)

where Mq and Wq are the discrete representations of dath
dz and W(z),

respectively, and Ψ(N)
m represents the discrete result of the Nth itera-

tion of the time-constant spectrum.28,33 This Bayesian deconvolution
(BD) method has demonstrated superior performance compared to
inverse filtering and Fourier deconvolution, as it produces spectral
peaks with significantly narrower widths, making the time constants
more distinguishable.27,33 However, resolving smaller spectral peaks
remains challenging. This is primarily due to the large span of time
constants and the substantial amplitude variations inherent in the
transient thermal conduction of heterostructures.

To enhance the spectrum resolution, we propose a
step-by-step Bayesian deconvolution method based on the orthogo-
nality of eigenfunctions in linear systems. As illustrated in Fig. 1,
this method first applies a high-iteration Bayesian deconvolution to
extract the main spectrum peaks (referred to as “main peaks”).
Main peaks remain consistent across multiple deconvolution itera-
tions, making them the most straightforward and reliable spectral
features to identify. Then, the components of the main peaks are
subtracted from the original junction thermal response, and a
second high-iteration Bayesian deconvolution is subsequently per-
formed on the residual signal to resolve the smaller spectral peaks
(referred to as “side peaks”).

2. Local integration for discrete spectral lines

As a result of this step-by-step BD approach, the extracted
time-constant spectrum exhibits a distinctly discrete nature, charac-
terized by multiple localized pulses near Gaussian distributions.
Denoting the spatial range of the nth pulse peak as [zn�, znþ], with
the peak coordinate at zn,peak , the corresponding nth order thermal
time constant is estimated as

τ̂n ¼ exp(zn,peak) : (5)

The estimated nth order junction temperature amplitude is
given by

R̂n ¼
Ð znþ
zn�

Ψ(z)dz : (6)

FIG. 1. Scheme of a step-by-step Bayesian deconvolution for enhanced
spectrum resolution.
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The pair (τ̂n, R̂n) represents the nth order estimated thermal
transient spectral line derived via DSBD, which effectively trans-
forms the continuous time-constant spectrum back into character-
istic discrete spectral lines (Fig. 2). Considering the symmetry
between convolution and deconvolution, the spectral lines derived
via BD should correspond closely with those predicted by the ana-
lytical solution model.

B. DSBD-based inversion of thermal parameters

1. Problem formulation

Building on the extracted spectral lines and their close corre-
spondence with the analytical model, we now introduce a
DSBD-based algorithm for inverting multiple thermal parameters,
as illustrated in Fig. 3. First, DSBD is applied to derive the charac-
teristic spectral lines. Next, a system of nonlinear equations is for-
mulated based on the analytical solution, modeling the relationship
between the thermal time constants/junction temperature ampli-
tudes and the unknown parameters (e.g., film thickness, thermal
conductivity, volumetric heat capacity, and interfacial thermal con-
ductance). Finally, the trust-region algorithm is employed for itera-
tive solving, yielding estimates of the unknown parameters.

Let the parameters to be estimated be represented by the
N-dimensional variable vector X, while the known parameters
form the constant vector C. Specifically, for a two-layer heterostruc-
ture, the equation governing the thermal time constants can be
expressed as

T(C, X, τn) ¼ 0 :

Similarly, the equations for the junction temperature amplitudes
are written as

R(C, X, τn, Rn) ¼ 0 :

The characteristic spectral lines derived from DSBD can be
ranked according to their amplitudes as follows:

R̂1 . R̂2 . R̂3 . � � � . R̂min,

with the corresponding time constants,

τ̂1, τ̂2, τ̂3, � � � , τ̂min:

By selecting a sufficient number of thermal time constants
and junction temperature amplitudes, a system of nonlinear equa-
tions can be constructed to solve for the variable vector, i.e., the
parameters to be estimated. It is worth highlighting that the formu-
lation of the inversion task is highly flexible. In practice, both
the constant and variable vectors can be adjusted according to the
available parameters and those to be estimated. Furthermore, the
selection of characteristic spectral lines can be dynamically custom-
ized based on the DSBD results.

2. Numerical solving

To accurately estimate the unknown parameters from the con-
structed nonlinear equation system, an efficient optimization algo-
rithm is required. In this work, we employ the trust-region
algorithm, a well-established method particularly effective for
solving high-dimensional nonlinear problems.34,35 The key steps in
the algorithm are as follows:

FIG. 2. Scheme of local integration on enhanced-resolved time-constant
spectrum for discrete spectral lines.

FIG. 3. Algorithm diagram for DSBD-based inversion of thermal parameters.
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1. Construct an initial trust region.
2. Search for an approximate solution within the initial trust

region.
3. Adjust the trust region based on the updated solution and con-

tinue the search for an approximate solution within the new
region.

4. Repeat the process iteratively until the solution satisfies the con-
vergence criteria.

In this study on property inversion, the initial trust region is
determined based on prior physical knowledge. For example, the
prior range might be 50–500Wm−1 K−1 for thermal conductivity,
1 × 106–4 × 106 J m−3 K−1 for volumetric heat capacity, and
1 × 106–1 × 109Wm−2 K−1 for interfacial thermal conductance in
semiconductor heterostructures. During each solution process,
random initials are generated within these prior ranges. To mitigate
solution non-uniqueness due to initial value dependence, we
employ a stochastic sampling and averaging approach, where multi-
ple independent solutions are obtained and subsequently averaged.
Additionally, we recommend using more equations than variables
to ensure stability and accuracy, and the incorporation of the
least-squares method helps to improve convergence efficiency in
overdetermined cases.

III. ESTABLISHMENT OF INVERSION TASKS IN
TWO-LAYER HETEROSTRUCTURES

Building upon the DSBD-based inversion framework intro-
duced in Sec. II, we now apply this methodology to two-layer heter-
ostructures with imperfect thermal contact. This section focuses on
deriving and verifying the analytical solution for transient thermal
conduction, as well as assessing the accuracy of trust-region-based
inversion.

To systematically evaluate the inversion accuracy and
applicability of the proposed approach, we define two repre-
sentative inversion tasks based on different prior knowledge
assumptions:

• Task I: given the known geometric parameters, the objective is to
estimate the thermal conductivities and volumetric heat capaci-
ties of both the film and substrate, along with the interfacial
thermal conductance.

• Task II: assuming that the volumetric heat capacities are known,
the goal is to estimate the film thickness, thermal conductivities,
and interfacial thermal conductance.

A. Derivation and verification of the analytical solution

The heat conduction model for a two-layer heterostructure is
illustrated in Fig. 4. Heat flow is assumed to propagate along the
positive x axis with a heat flux density q. Region I has a thickness
L1, thermal conductivity k1, and volumetric heat capacity cν1.
Similarly, region II has a thickness L2, thermal conductivity k2, and
volumetric heat capacity cν2. The interface between regions I and II
exhibits imperfect thermal contact, characterized by an interfacial
thermal conductance ℎc. With an initial uniform temperature T0
(set to zero without loss of generality, equivalent to a shift transfor-
mation of the temperature variable36,37) and thermal diffusivities

defined as α1 = k1/cν1 and α2 = k2/cν2, the governing equations for
transient heat conduction are

α1
@2T1

@x2
¼ @T1(x, t)

@t
, 0 , x , L1,

α2
@2T2

@x2
¼ @T2(x, t)

@t
, L1 , x , L1 þ L2:

(7)

The initial conditions are

T1(x, 0) ¼ F1(x), 0 , x , L1,
T2(x, 0) ¼ F2(x), L1 , x , L1 þ L2:

(8)

To simplify, the cooling step response is considered, where the
heat flux density is given by

q(t) ¼ q, t , 0,
0, t . 0:

�
(9)

Also, the corresponding initial conditions are steady-state
solutions,

F1(x) ¼ � q
k1

(x � L1)þ q
1
hc

þ L2
k2

� �
,

F2(x) ¼ � q
k2

(x � L1 � L2):
(10)

The boundary and continuity conditions are

@T1

@x
¼ 0, x ¼ 0,

�k1
@T1

@x
¼ hc(T1 � T2), x ¼ L1,

k1
@T1

@x
¼ k2

@T2

@x
, x ¼ L1,

T2 ¼ 0, x ¼ L1 þ L2:

(11)

For transient heat conduction in composite media, textbooks
offer analytical methods based on the separation of variables and
orthogonal expansion.37 Assume that the temperature in each
region can be separated as Tm(x, t) ¼ θm(x)Γ(t), m ¼ 1, 2.

FIG. 4. Heat conduction model of a two-layer heterostructure.

Journal of
Applied Physics

METHOD pubs.aip.org/aip/jap

J. Appl. Phys. 137, 225102 (2025); doi: 10.1063/5.0272650 137, 225102-4

© Author(s) 2025

 11 June 2025 10:10:43

https://pubs.aip.org/aip/jap


Substituting into the governing equations yields the temporal
equation,

dΓn

dt
þ Γn

τn
¼ 0, (12)

where τn are the eigenvalues of the temporal equation, i.e., the nth
order thermal time constant, and the solution is
Γn(t) ¼ exp(�t/τn). The spatial equations are

d2θ1n
dx2

þ θ1n
α1τn

¼ 0, 0 , x , L1,

d2θ2n
dx2

þ θ2n
α2τn

¼ 0, L1 , x , L1 þ L2,

(13)

where the general solutions are

θ1n(x) ¼ A1n sin
xffiffiffiffiffiffiffiffiffi
α1τn

p
� �

þ B1n cos
xffiffiffiffiffiffiffiffiffi
α1τn

p
� �

,

θ2n(x) ¼ A2n sin
xffiffiffiffiffiffiffiffiffi
α2τn

p
� �

þ B2n cos
xffiffiffiffiffiffiffiffiffi
α2τn

p
� �

:

(14)

By applying Eq. (11), the coefficients are determined as

A1n ¼ 0,
B1n ¼ 1,

A2n ¼ (cos γ � Hγ sin γ)sin η� K sin γ cos η,
B2n ¼ (cos γ �Hγ cos γ)sin ηþ K sin γ sin η,

(15)

where γ ¼ L1/
ffiffiffiffiffiffiffiffiffi
α1τn

p
, η ¼ L1/

ffiffiffiffiffiffiffiffiffi
α2τn

p
, H ¼ k1/(L1hc), and

K ¼ k1
ffiffiffiffiffi
α2

p
/k2

ffiffiffiffiffi
α1

p
. Based on the non-zero determinant condition

of the coefficient equations, the equation determining τn is

k2
k1

ffiffiffiffiffi
α1

α2

r
¼ tan

L1ffiffiffiffiffiffiffiffiffi
α1τn

p
� �

tan
L2ffiffiffiffiffiffiffiffiffi
α2τn

p
� �

þ k2
hc

ffiffiffiffiffiffiffiffiffi
α2τn

p tan
L1ffiffiffiffiffiffiffiffiffi
α1τn

p
� �

:

(16)

Therefore, the temperature at any spatiotemporal coordinate is
given by

Tm(x, t) ¼
P1
n¼1

Cnθmn(x)exp � t
τn

� �
, m ¼ 1, 2, (17)

where Cn are the Fourier coefficients derived from the initial condi-
tions,

Cn ¼
P2

m¼1
km
αm

ðxmþ1

xm
θmn(x

0)Fm(x0)dx0

P2
m¼1

km
αm

ðxmþ1

xm
θ2mn(x

0)dx0
: (18)

At the boundary x = 0, i.e., “junction,” the transient response
simplifies to

Tj(t) ¼ T0 þ q
P1
n¼1

Rn 1� exp � t
τn

� �� 	
, (19)

where Rn represents the nth order junction temperature amplitude,
the solution of which is given by

Rn ¼ Γ0

Γ1 þ Γ2 þ Γ3 þ Γ4 þ Γ5 þ Γ6 þ Γ7 þ Γ8 þ Γ9 þ Γ10
: (20)

Each term in this expression is

Γ0 ¼ 4α2hcτn


α1hck2τn(1� cos 2γ1 cos 2γ2)

þ k1 sin 2γ1
�
k2

ffiffiffiffiffiffiffiffiffi
α1τn

p
cos 2γ2 þ

ffiffiffiffiffiffiffiffiffiffi
α1α2

p
hcτn sin 2γ2

�

,

Γ1 ¼ k21k
2
2L2 þ α1h

2
c k

2
2L2τn þ α2k1τn h2c k2L1 þ hck1k2 þ h2c k1L2

� �
,

Γ2 ¼ �2hck1k
2
2L2

ffiffiffiffiffiffiffiffiffi
α1τn

p
sin 2γ1,

Γ3 ¼ 1
2
h2c τn

ffiffiffiffiffiffiffiffiffi
α2τn

p �α2k
2
1 þ α1k

2
2

� �
sin 2γ2,

Γ4 ¼ � �α1h
2
c k

2
2L2τn þ k21(k

2
2L2 þ α2hc(k2 þ hcL2)τn)

� �
cos 2γ1,

Γ5 ¼ �α2hck
2
1k2τn cos 2γ2,

Γ6 ¼ � ffiffiffiffiffiffiffiffiffiffi
α1α2

p
hck1k

2
2τn sin 2γ1 sin 2γ2,

Γ7 ¼ α2h
2
c k1k2τn

ffiffiffiffiffiffiffiffiffi
α1τn

p
sin 2γ1 cos 2γ2,

Γ8 ¼ 1
2
h2c τn

ffiffiffiffiffiffiffiffiffi
α2τn

p
α2k

2
1 þ α1k

2
2

� �
cos 2γ1 sin 2γ2,

Γ9 ¼ α2hck
2
1k2τn cos 2γ1 cos 2γ2,

Γ10 ¼ k21k
2
2

ffiffiffiffiffiffiffiffiffi
α2τn

p
sin2 2γ1 sin 2γ2,

where γ1 ¼ L1/
ffiffiffiffiffiffiffiffiffi
α1τn

p
, γ2 ¼ L2/

ffiffiffiffiffiffiffiffiffi
α2τn

p
. Therefore, the analytical

solution for the nth order thermal transient spectral line provides
explicit solutions for the characteristic time constants τn and the
corresponding junction temperature amplitudes Rn in Eqs. (16)
and (20), respectively.

To verify the derived analytical solution, theoretical time con-
stants and junction temperature amplitudes were computed for
four different heterostructures with varying geometric parameters
and thermophysical properties, as detailed in Table I. The selected
cases represent a range of film/substrate thicknesses: case 1 (50 μm/
400 μm), case 2 (2 μm/100 μm), case 3 (2 μm/100 μm), and case 4
(100 nm/10 μm), with the thermophysical properties assigned
based on the representative materials.

The first ten orders of the analytical spectral lines are pre-
sented in Fig. 5(a), revealing several key qualitative trends.

1. The time constants are unevenly distributed along the time
scale. For example, in case 1, the first- and second-order time
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constants are 1.07 and 0.18 ms, respectively, differing by an
order of magnitude.

2. The time constants decrease significantly with the reduction in
thickness. As the film and total thickness decrease from microscale
to nanoscale, the time constants shift across orders of magnitude,
moving from the millisecond scale to the nanosecond scale.

3. The junction temperature amplitudes exhibit significant variation
across different orders. For example, in case 4, the first- and

second-order junction temperature amplitudes are 6.33 × 10−8

and 7.41 × 10−9 m2 KW−1, respectively, differing by an order of
magnitude.

4. Interfacial thermal conductance primarily influences the junc-
tion temperature amplitudes at middle orders. As demonstrated
by case 2 and case 3, which differ only in the interfacial thermal
conductance, the second- to fourth-order junction temperature
amplitudes for case 2 are significantly higher, while the thermal
constants remain unchanged.

To further validate the analytical solution, its results were
compared with transient simulations performed using the Finite
Element Method (FEM), as shown in Fig. 5(b). A transient heat
conduction model was created in COMSOL based on the geometric
parameters and thermophysical properties listed in Table I. The
film surface was subjected to a uniform heat flux excitation, while
the substrate bottom was set as an isothermal boundary, with all
other surfaces treated as adiabatic. The average temperature of the
film surface was used as the junction temperature, and the transient
thermal response curve was obtained. It can be observed that the
analytical solutions align excellently with the FEM-simulated
responses across all four verification cases, thereby confirming the
validity of the proposed analytical solution.

B. Accuracy assessment of the numerical solver

The performance of the proposed trust-region solver was
assessed across the four verification cases, using idealized inputs.
The governing equations for thermal time constants and junction
temperature amplitudes are given by the verified analytical solu-
tions in Eqs. (16) and (20). For task I, the inversion equations are
expressed as

T(C1, X1, τ̂1) ¼ 0,
T(C1, X1, τ̂2) ¼ 0,
T(C1, X1, τ̂3) ¼ 0,
R(C1, X1, τ̂1) ¼ R̂1,
R(C1, X1, τ̂2) ¼ R̂2,

8>>>><
>>>>:

(21)

where the constant vector is C1 ¼ (L1, L2) and the variable vector
is X1 ¼ (k1, k2, cv1, cv2, hc). Similarly, for task II, the inversion
equations are formulated as

T(C2, X2, τ̂1) ¼ 0,
T(C2, X2, τ̂2) ¼ 0,
T(C2, X2, τ̂3) ¼ 0,
R(C2, X2, τ̂1) ¼ R̂1,
R(C2, X2, τ̂2) ¼ R̂2,

8>>>><
>>>>:

(22)

where the constant vector is C2 ¼ (cv1, cv2, L2) and the variable
vector is X2 ¼ (k1, L1, k2, hc).

By substituting the analytical solutions for the first three char-
acteristic spectral lines into these equations and applying the trust-
region solver, the estimated results are obtained, as shown in
Figs. 6 and 7. The convergence behavior of parameters varies
across different problems and cases. For instance, in case 2, the esti-
mated values for task I remain stable throughout all sampling runs

TABLE I. Geometric parameters and thermophysical properties of the verification
cases.

Properties Case1 Case2 Case3 Case4

L1 (μm) 50 2 2 0.1
L2 (μm) 400 100 100 10
k1 (Wm−1 K−1) 130 130 130 100
k2 (Wm−1 K−1) 130 390 390 130
hc (MWm−2 K−1) 0.5 10 100 100
cv1 (10

6 J m−3 K−1) 1.63 2.97 2.97 1.63
cv2 (10

6 J m−3 K−1) 1.63 2.22 2.22 1.63

FIG. 5. Verification of the analytical solution with four cases. (a) The first ten
orders of analytical spectral lines. (b) Analytical solution of junction thermal
response compared with FEM transient simulation. The inset figures illustrate
the FEM model, as well as the details of the responses before 1 μs.
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[Fig. 6(b)]. However, in task II, the solution for k1 oscillates system-
atically around the true value, requiring multiple sampling runs
and averaging to achieve an accurate result [Fig. 7(b)]. In contrast,
for task II in case 3, while the results for k1 and hc exhibit oscilla-
tions, the values for L1 and k2 stabilize much more quickly
[Fig. 7(c)].

As the number of sampling runs increases, the inversion
results for all parameters across all cases gradually converge toward
the true values, which correspond to the input parameters of the
analytical model. This demonstrates the effectiveness and accuracy
of the proposed inversion algorithm for extracting thermal proper-
ties from transient thermal responses.

IV. RESULTS AND DISCUSSION

In this section, typical case studies are presented to demon-
strate the effectiveness and versatility of the proposed inversion
algorithm across different inversion problems, material composi-
tions, feature sizes, and input data types. The first two cases solve
inversion task I and task II for a nanoscale SOI and a microscale
GaN-on-SiC using FEM-simulated data, whereas the third case per-
forms thermophysical property inversion based on experimental
data. Details of input data generation, inversion algorithm imple-
mentation, and estimation results are provided for further

discussion. All numerical solving was performed on a single core of
an i9-12900K CPU.

A. Nanoscale SOI thermophysical property inversion
from simulation data

The nanoscale SOI heterostructure consists of a 100 nm-thick
silicon film and a 10 μm-thick silicon substrate, with a cross-
sectional size of 1 × 1 μm2 set in COMSOL. As shown in Fig. 8(a),
FEM simulation was used to generate the junction thermal
response required by the proposed inversion algorithm. The
thermal conductivity and volumetric heat capacity of the silicon
substrate, as well as the volumetric heat capacity of the silicon film,
were set according to the properties of bulk silicon. The thermal
conductivity of the silicon film was set to 100Wm−1 K−1, and the
interfacial thermal conductance, which is considered to be equiva-
lent to a 10 nm-thick buried oxide, was set as 100MWm−2 K−1. In
terms of boundary conditions, the top surface of the silicon film
was subjected to a uniform heat flux excitation with a total power
dissipation of 1W, while the bottom surface of the substrate was
set as an isothermal heat sink. A transient thermal simulation was
performed over a time range from 0.1 ns to 10 μs, and the junction
thermal response was captured.

FIG. 6. Inversion results of task I with the proposed trust-region solver under idealized inputs for (a) case 1, (b) case 2, (c) case 3, and (d) case 4. True values refer to
the input parameters of the analytical model.
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For the parameter inversion, spectral analysis was first con-
ducted to extract characteristic spectral lines [Fig. 8(b)]. As
described in Sec. II A, a two-step Bayesian deconvolution was
applied to enhance the spectral resolution. The first Bayesian
deconvolution, performed over 300 iterations, derived the first two
spectral lines, corresponding to the thermal time constants of 0.53
and 0.05 μs. The third-order time constant of 1.88 ns was derived
from the second Bayesian deconvolution, which ran for 5000 itera-
tions. Local integration was conducted for deriving the junction
temperature amplitudes of 0.064, 0.0087, and 0.0082 m2 KMW−1,
respectively.

Assuming that all geometric parameters are known, the goal
was to estimate the thermal conductivities and heat capacities of
both the silicon film and substrate, as well as the interfacial thermal
conductance. This corresponds to inversion task I, as defined in
Sec. III. Thus, the first three thermal time constants and the first
two temperature amplitudes were input into Eq. (21), which were
then solved using the trust-region numerical solver over 50 sam-
pling runs in ∼3 min 43 s. As shown in Fig. 8(c), all five parameters
converged after approximately 30 sampling runs, and the stable
averaged values were taken as the final estimates. The inverted ther-
mophysical properties of the nanoscale SOI are listed in Table II
and compared with the FEM simulation settings. For the thermal

conductivities, the inverted values of k1 and k2 were 98.51 and
132.88Wm−1 K−1, respectively, showing excellent agreement with
the input values of 100 and 130Wm−1 K−1. The interfacial
thermal conductance was estimated to be 100.50MWm−2 K−1, and
the volumetric heat capacities were 1.59 and 1.72 × 106 J m−3 K−1.
The relative errors between the inversion results and the simulation
settings ranged from 1.5% to 5.4%.

B. Microscale GaN-on-SiC film thickness and
thermophysical property inversion from simulation
data

Similarly, a microscale GaN-on-SiC heterostructure was
studied, consisting of a 2 μm-thick GaN film and a 100 μm-thick
SiC substrate. For the FEM model, the cross-sectional dimensions
of the structure were set to 10 × 10 μm2. The thermal conductivities
of the GaN film and the SiC substrate were assigned according to
their respective material properties, while the interfacial thermal
conductance was set to be 10MWm−2 K−1. Notably, the structural
scale in this case is an order of magnitude larger than the nanoscale
SOI structure used in the previous case, with distinct thermal prop-
erties for both the film and substrate, as well as the interfacial
thermal conductance.

FIG. 7. Inversion results of task II with the proposed trust-region solver under perfect inputs for (a) case 1, (b) case 2, (c) case 3, and (d) case 4. True values refer to the
input parameters of the analytical model.
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Using the FEM-simulated input data shown in Fig. 9(a), a
two-step Bayesian deconvolution and local integration were applied
to extract the characteristic spectral lines [Fig. 9(b)]. After 5 000
and 500 000 iterations in the first and second stages of the Bayesian

deconvolution, respectively, the first three spectral lines were
derived as follows: (25.1 μs, 0.23 m2 KMW−1), (0.68 μs,
0.05 m2 KMW−1), and (2.82 μs, 0.04 m2 KMW−1). To demonstrate
the applicability of the proposed method across different inversion
problems, it is assumed that the volumetric heat capacities are
known, and the goal is to estimate the thickness of the GaN film,
as well as the thermal conductivities and interfacial thermal con-
ductance, which can be classified into task II according to Sec. III.
The inversion results using the trust-region numerical solver after
50 sampling runs are shown in Fig. 9(c). Although the thermal
conductivity of the GaN film (k1) converges slightly more
slowly than the other parameters, all four parameters stabilize after
sufficient sampling runs within 1 s. The inverted film thickness
and thermophysical properties are listed in Table III, with
relative errors ranging from 2.7% to 7.6% when compared to the
simulation inputs.

FIG. 8. Inversion of thermophysical properties for nanoscale silicon-on-insulator from simulation data. (a) FEM-simulated junction thermal response over a range of
0.1 ns–10 μs. The inset figure shows the distribution of steady-state temperature rise. (b) Time-constant spectrum and discrete spectral lines obtained from a two-step
Bayesian deconvolution with 300 and 5000 iterations. The first three spectral lines are (0.53 μs, 0.064 m2 K MW−1), (0.05 μs, 0.0087 m2 K MW−1), and (1.88 ns,
0.0082 m2 K MW−1). (c) Inversion results of task I with the trust-region numerical solver during 50 sampling runs. True values refer to the input parameters of the FEM
simulation.

TABLE II. Inversed thermophysical properties of nanoscale silicon-on-insulator.

Properties
Set in

simulation
Inversed by
algorithm

Error
(%)

k1 (Wm−1 K−1) 100 98.51 1.5
k2 (Wm−1 K−1) 130 132.88 2.2
hc (MWm−2 K−1) 100 100.50 5.0
cv1 (10

6 J m−3 K−1) 1.63 1.59 2.4
cv2 (10

6 J m−3 K−1) 1.63 1.72 5.4
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C. Experimental data-based inversion for microscale
SOI

In most engineering applications, experimental methods are
essential for obtaining data necessary for parameter estimation. In
this section, we assess the performance of the proposed method

when applied to the inversion of the experimental data. A set of
experimental data was selected for a microscale SOI sample, which
was measured using the multi-pulse thermal thermoreflectance
imaging (TTI) technique.20 The sample consists of a 50 μm-thick
P-type silicon film, a 400 μm-thick P-type silicon substrate, and a
2 μm-thick SiO2 buried oxide layer sandwiched between them. The
measured temperature rise of the top surface is shown in Fig. 10(a),
ranging from 0.2 to 10.1 K over a time span from 50 ns to 30 ms.
The junction thermal response, as defined in Eq. (1), was derived
as follows:

ath(t) ¼ Aeff

P
ΔTj(t) , (23)

where ΔTj(t) represents the measured surface temperature rise, P is
the heating power, and Aeff is the effective heat conduction area,
measured as 4.13W and 3.14 mm2, respectively.

FIG. 9. Inversion of the film thickness and thermophysical properties for microscale GaN-on-SiC from simulation data. (a) FEM-simulated junction thermal response over a
range of 1 ns–1 ms. The inset figure shows the distribution of steady-state temperature rise. (b) Time-constant spectrum and discrete spectral lines derived from a two-step
Bayesian deconvolution with 5000 and 500 000 iterations. The first three spectral lines are (25.1 μs, 0.23 m2 K MW−1), (0.68 μs, 0.05 m2 K MW−1), and (2.82 μs,
0.04 m2 K MW−1). (c) Inversion results of task II with the trust-region numerical solver in 50 sampling runs. True values refer to the input parameters of the FEM simulation.

TABLE III. Inversed film thickness and thermophysical properties of microscale
GaN-on-SiC.

Properties
Set in

simulation
Inversed by
algorithm

Error
(%)

L1 (μm) 2 2.05 2.7
k1 (Wm−1 K−1) 130 134.59 3.5
k2 (Wm−1 K−1) 390 368.97 5.4
hc (MWm−2 K−1) 10 10.08 7.6
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After acquiring the experimental data, we applied the pro-
posed inversion method to estimate the thermophysical properties
of the SOI sample. As illustrated in Fig. 10(b), the time-constant
spectrum from this case exhibits distinct characteristics compared
to the previous simulation-based examples. During the deconvolu-
tion process, we observed that noise in the experimental data
caused the local peaks to split into multiple smaller peaks, which
should be taken into account during the local integration. By com-
bining the results from 5 and 20 iterations, five characteristic spec-
tral lines were identified, with the first three time constants being
1.07 ms, 3.09 μs, and 79.7 μs, and the corresponding amplitudes
being 2.30, 2.18, and 1.23 m2 KMW−1. Given that the thicknesses
of both the film and substrate were known, we proceeded to invert
the thermophysical properties, including the thermal conductivi-
ties, heat capacities of both the silicon film and substrate, and the
interfacial thermal conductance. This inversion was conducted
based on the mathematical model defined in task I, taking ∼1 min

51 s for convergence, and the results from the numerical solver are
shown in Fig. 10(c).

Finally, the inverted thermophysical properties of the SOI
sample are summarized in Table IV. Comparing these results with
literature values, the thermal conductivities of the film and sub-
strate were measured as 108.4 ± 7.2 and 129.4 ± 11.3Wm−1 K−1,
respectively, which align well with the corresponding doped P-type
silicon values reported in the literature.38,39 The measured interfa-
cial thermal conductance between the film and substrate was
0.489 ± 0.161MWm−2 K−1, which closely matches the estimated
range of 0.505–0.523MWm−2 K−1 based on He et al.40 The volu-
metric heat capacities of the film and substrate were 1.72 ± 0.10 and
1.55 ± 0.31 J m−3 K−1, respectively, consistent with the standard
values for silicon.41 Overall, the relative errors between the inverted
thermophysical properties and the literature values are within 10%.

The DSBD-based inversion algorithm accurately estimates the
thermal parameters across various material compositions and

FIG. 10. Inversion of thermophysical properties for a microscale SOI sample from experimental data. (a) Transient temperature rise of the junction measured with multi-
pulse thermal thermoreflectance imaging from 50 ns to 30 ms.20 (b) Time-constant spectrum and discrete spectral lines derived from a single-step Bayesian deconvolution
with 20 iterations. The first three spectral lines are (1.07 ms, 2.30 m2 K MW−1), (3.09 μs, 2.18 m2 K MW−1), and (79.7 μs, 1.23 m2 K MW−1). (c) Inversion results of task I
with the trust-region numerical solver during 50 sampling runs.
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feature sizes, with relative errors under 10% compared to simula-
tions and literature data. The method has also been demonstrated
for different inversion tasks, including estimating all thermophysi-
cal properties with known geometric parameters (task I) and esti-
mating the film thickness and some thermophysical properties with
known heat capacities (task II). This versatility underscores the
algorithm’s adaptability across different experimental setups and
inversion tasks.

Furthermore, the potential application of the proposed inver-
sion methodology to the existing thermal testing tools has been
explored. Section IV C presents the analysis results of transient
testing data from thermal thermoreflectance imaging (TTI).42,43

Additionally, for other optical testing methods, such as steady-state
thermoreflectance (SSTR),44,45 where the samples are excited by
square pulses, the temperature rise data can be analyzed in a
similar manner. For electrical testing methods like the temperature-
sensitive electrical parameter (TSEP) method,46,47 the cooling
response captured during the device-on to device-off stage can be
utilized to invert the thermal parameters of semiconductor devices,
including LEDs, insulated-gate bipolar transistors (IGBT), and
GaN HEMTs. Sample preparation should consider material charac-
teristics, such as thinning substrates for thin-film systems and pre-
paring different crystal orientations for anisotropic materials.

However, practical considerations must be addressed to ensure
inversion accuracy. First, the deconvolution of spectral lines should
be tailored to the quality of the input data. For instance, when the
data are derived from noise-free simulations [Figs. 8(b) and 9(b)],
peaks in the time-constant spectrum correspond clearly with the ana-
lytical solution. In contrast, experimental data often introduce noise,
causing local peaks to split into multiple smaller peaks [Fig. 10(b)].
In such cases, reducing the number of deconvolution iterations helps
to avoid artifacts, and applying local integration to specific peak
regions is recommended for accurately capturing the characteristic
spectral lines. Second, while the proposed inversion algorithm has
proven effective across different cases, it is worth noting that
improper mathematical modeling and initial trust-region settings can
lead to non-physical local minima. Future improvements could focus
on adjusting the equation forms, optimizing the algorithm’s flow,
and integrating advanced techniques into the solver.

The extensibility of this inversion framework is also a key
aspect to highlight. By deriving analytical solutions and incorporat-
ing them into the inversion algorithm, the method can be extended
from two-layer heterostructures to more complex systems, enabling
the tackling of challenging multi-parameter inversion task. For
instance, the scalability of the algorithm suggests its potential appli-
cability to ultra-thin materials, such as van der Waals heterostruc-
tures with scales down to sub-10 nm.48 At such scales, where
quantum effects—such as ballistic transport and interface scatter-
ing49—significantly influence the thermal transport properties,

further refinement of the current model would be necessary to
achieve an accurate interpretation of the inversion results.
Furthermore, the inversion process is not confined to the thermal
parameters alone. Particularly, for other physical problems gov-
erned by parabolic control equations, spectral analysis is likely to
produce a similar time-constant spectrum, potentially allowing the
inversion of different types of parameters.

V. CONCLUSION

In this work, we present a novel framework for inverting the
thermophysical parameters in micro-nanoscale heterostructures.
First, DSBD is introduced to extract well-resolved spectral lines
from junction thermal response based on a step-by-step strategy
and local peak integration. These characteristic spectral lines are
then used in an inversion algorithm for estimating thermal parame-
ters, where the junction thermal response serves as the input.
DSBD is applied to extract spectral features, and a system of non-
linear equations is solved numerically. The numerical solver
employs the trust-region algorithm, where the initial values are
determined based on prior physical knowledge. Stochastic sampling
is incorporated to reduce sensitivity to the initial value.

Second, the methodology is applied to two-layer heterostruc-
tures with imperfect thermal contact. Analytical solutions of tran-
sient thermal conduction are derived for thermal time constants
and junction temperature amplitudes using separation of variables
and orthogonal expansion and are verified by FEM transient
thermal simulations. Four verification cases provide insights into
the spectral characteristics of thermal transient responses, high-
lighting the uneven distribution of time constants and junction
temperature amplitudes across orders, as well as the effects of geo-
metric parameters and thermophysical properties on the spectral
lines. To evaluate the inversion accuracy in two inversion tasks—
task I, which estimates thermophysical properties when geometric
parameters are known, and task II, which estimates film thickness
and thermophysical properties when heat capacities are known—
numerical solving is conducted under an ideal input, and the inver-
sion results consistently converge toward the true values.

Finally, typical case studies are conducted on a nanoscale SOI
and a microscale GaN-on-SiC system using simulation data, as well
as on a microscale SOI system using experimental data. The
DSBD-based inversion algorithm successfully derives thermal
parameters across various material compositions and feature sizes
from the measured junction thermal responses. These tasks include
estimating thermal conductivities, volumetric heat capacities, and
interfacial thermal conductance with known geometric parameters,
as well as estimating film thickness, thermal conductivities, and
interfacial thermal conductance with known heat capacities. The
algorithm achieves relative errors within 10% compared to the

TABLE IV. Inversed thermophysical properties of the SOI sample in Ref. 20, in comparison with prior studies and another analysis method.

kf (Wm−1 K−1) ksub (Wm−1 K−1) hc (MWm−2 K−1) cv,f (10
6 J m−3 K−1) cv,sub (10

6 J m−3 K−1)

This work 108.4 ± 7.2 129.4 ± 11.3 0.489 ± 0.161 1.72 ± 0.10 1.55 ± 0.31
Prior studies 106–11138 13038,39 0.505–0.52340 1.6341 1.6341

Reference 20 109.2 ± 14.1 139.5 ± 22.9 0.476 ± 0.049 1.66 ± 0.14 N/A
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simulation data and literature values. Additionally, we explore the
potential applications of this methodology to the existing thermal
testing tools and address practical considerations for enhancing
inversion accuracy, focusing on deconvolution and numerical
solving strategies. Furthermore, we discuss the potential improve-
ments and broader applicability of the method.

Overall, this study presents an effective solution for non-
destructive thermal parameter measurement in micro-nanoscale
semiconductor heterostructures, with applications in microelec-
tronics, nanotechnology, and material science. By extending the
spectral analysis techniques and formulating the inversion problem
mathematically, it offers a scalable, cost-effective, and versatile solu-
tion for multi-parameter detection in thermal testing. The frame-
work can also be extended to more complex systems and other
fields, providing a novel approach to the challenging parameter
inversion tasks.
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NOMENCLATURE

ath Junction thermal response (m2 KW−1)
cv Volumetric heat capacity (J m−3 K−1)
hc Interfacial thermal conductance (Wm−2 K−1)
k Thermal conductivity (Wm−1 K−1)
L Film thickness (m)
M Number of layers in heterostructures
N Dimension of variables
q Heat flux density (Wm−2)
Rn The nth order junction temperature amplitude (m2 KW−1)
R̂n The nth order estimated junction temperature amplitude

(m2 KW−1)
t Time variable (s)
T Temperature (K)
Tj Junction temperature (K)
T0 Initial temperature (K)
x Linear location dimension (m)
z Logarithmic time variable.

Greek symbols

α Thermal diffusivity (m2 s−1)
τn The nth order thermal time constant (s)
τ̂n The nth order estimated thermal time constant (s)
Ψ Time-constant spectrum by deconvolution

Subscripts

min Minimal value

Superscripts

(n) Iterations
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